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ABSTRACT 


This  project  was  undertaken  to  present  workable  methods  of 
analyses  for  thin,  elastic  shells  of  revolution,  and  to  provide 
computer  programs  for  performing  such  analyses.  By  means  of 
these  methods,  the  following  problems  for  a  thin,  elastic  shell 
of  revolution  can  be  solved:  (1)  stresses  and  deflections  can 
be  determined  when  the  shell  is  subjected  to  arbitrary  mechanical 
and/or  thermal  loads;  (2)  natural  frequencies  and  mode  shapes 
can  be  found  for  free  vibration  when  the  shell  is  subjected  to 
or  is  free  of  prestress;  (3)  buckling  loads,  according  to  the 
classical  stability  theory,  can  be  found  when  the  shell  is  sub¬ 
jected  to  axisyimtetric  or  sinusoidal  nonsymmetric  prestress. 

The  results  of  the  static  and  free-vibration  analyses  have  been 
verified  and  compared  to  experiments  on  many  occasions  and  should 
be  regarded  as  acceptable.  The  buckling  load,  however,  may  or 
may  not  correspond  to  the  actual  collapse  load  of  the  shell. 

Distribution  of  this  document  is  unlimited. 
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PART  I.  THEORY  AND  ANALYSIS  OF  THIN,  ELASTIC  SHELLS 


INTRODUCTION 

The  formulation  of  the  basic  theory  which  governs  the  de¬ 
formation  of  a  thin,  elastic  shell  dates  back  te  the  end  of 
the  nineteenth  century.  At  that  time.  It  represented  a  natural 
outgrowth  of  the  earlier  developments  of  the  three-dimensional, 
linear  theory  of  elasticity  and  a  complete  understanding  of 
the  theories  for  the  deflection  of  slender  beams  and  thin 
plates.  Using  exactly  the  same  fundamental  assumptions  which 
had  been  made  for  beams  and  plates,  only  the  concept  of  a 

I 

curved  surface,  through  differential  geometry,  had  to  be  added 

* 

In  order  to  produce  a  theory  for  the  deflection  of  a  thin  shell. 

The  motivation  for  the  derivation  of  a  shell  theory  at  that 
time  probably  did  not  come  from  expected  Immediate  applications, 
although  the  aim  of  the  Initial  papers  on  this  topic  was  said 
to  be  directed  at  the  development  of  a  mathematical  theory  for 
the  analysis  of  vibration  of  bells. 

The  greatest  difficulty  In  the  application  of  shell  theory 
to  actual  analysis  was  found  In  the  fact  that  the  governlnq 
equations  were  so  complicated  that  either  further  simplifying 
assumptions  had  to  be  made  or  only  a  few  very  slmole  shell 
shapes  could  be  analyzed.  While  the  simplifying  assumptions, 
such  as  the  assumotlor.  of  purely  extenslonal  (membrane)  or 
Inextenslonal  states,  did  extend  somewhat  the  class  of  shells 
which  could  be  analyzed,  their  use  Introduced  Inaccuracies 
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which  sometimes  could  but  at  other  times  could  not  be  recog¬ 
nized. 

The  advent  of  a  high-speed  digital  computer,  as  In  many 
other  areas,  has  opened  up  great  possibilities  In  shell  anal¬ 
ysis.  One  class  of  shells  whose  static,  stability,  and  free- 
vlbratlon  analyses  can  now  be  regarded  as  feasible  comprises 
all  thin  shells  which  are  rotatlonally  symmetric  about  one 
axis.  The  symmetry  must  Include  the  geometry  as  well  as  the 
physical  properties  of  the  shell,  so  that  no  distinction  can 
be  made  between  any  two  points  of  the  shell  which  are  equi¬ 
distant  from  the  axis  of  symmetry.  All  shell  properties, 
geometrical  as  well  as  physical,  can  vary  arbitrarily  along 
the  meridian  of  the  shell,  and  the  shell  can  be  represented 
by  an  arbitrary  reference  surface,  as  long  as  It  Is  contin¬ 
uous  and  rotatlonally  symmetric.  The  shell  wall  can  consist 
of  any  number  of  layers  which  can  be  made  of  different  ortho¬ 
tropic  materials. 

It  can  be  now  safely  said  that  at  least  the  static  and 
free-vlbratlon  analyses  of  such  shells  of  revolution  have 
reached  a  state  of  art  where  the  stresses  and  deflections  or 
the  natural  frequencies  and  mode  shapes  can  be  determined  In 
a  routine  manner. 

The  purpose  of  this  report  Is  to  qlve  to  the  designer 
workable  methods  for  the  analysis  of  a  class  of  shells  which 
Includes  all  shells  revolution.  The  methods  are  backed  up  by 
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computer  programs,  also  Included  in  this  report,  by  means  of 
which  solutions  can  be  obtained.  While  the  results  for  the 
static  and  free-vibrati on  analyses  for  a  properly  described 
shell  should  be  acceptable  without  any  reservation,  the  results 
of  the  stability  programs  should  be  used  with  caution,  because 
no  simple  estimate  is  now  available  which  could  relate  the 
critical  load,  as  predicted  by  the  programs,  with  the  actual 
collapse  load  of  the  shell.  Further  research  in  this  direc¬ 
tion  is  necessary. 
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II.  GOVERNING  EQUATIONS  FOR  SHELL  ANALYSIS 
1 .  Introducti on 

The  analysis  of  thin,  elastic  shells  of  revolution  con¬ 
sidered  In  this  report  can  be  classified  Into  two  cases: 

1.  Stress  analysis  of  a  shell  subjected  to  mechanical 
and  thermal  surface  loads  and  edge  loads. 

2.  Free  vibration  and  stability  analysis  of  a  prestressed 
shell . 

The  first  case  is  reduced  to  a  boundary  value  problem 
governed  by  a  system  of  nonhomogeneous ,  linear,  partial  dif¬ 
ferential  equations.  The  equations  are  separable  with  respect 
to  the  meridional  and  circumferential  coordinates  of  the  shell. 
The  solution  for  each  separable  component  of  the  loads  is  ob¬ 
tained  by  solving  a  typical  two-point  boundary  value  problem 
governed  by  eight  first-order,  linear,  ordinary  differential 
equations.  The  method  of  solution  is  given  In  [1]*. 

The  second  case  leads  to  an  eigenvalue  problem  which  Is 
governed  by  a  homogeneous  system  of  linear,  differential  equa¬ 
tions  and  homogeneous  boundary  conditions.  The  second  case 
can  be  further  divided  Into  two  groups  of  problems: 


Numbers  In  brackets  refer  to  References  at  the  end  of 
this  Part. 
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1.  Free  vibration  and  stability  with  axi symmetri c  pre¬ 
stress  (including  zero  prestress). 

2.  Free  vibration  and  stability  with  nonsymmetri c  pre¬ 
stress  . 

The  partial  differential  equations  for  the  eigenvalue 
problem  with  axisymmetric  prestress  are  again  separable,  and 
the  solution  is  obtained  by  solving  a  typical  eigenvalue  prob¬ 
lem  governed  by  a  system  of  eight  first-order,  homogeneous, 
linear,  ordinary  differential  equations.  The  method  of  solu¬ 
tion  is  given  in  [2]. 

In  the  case  with  nonsymmetric  prestress,  the  partial  dif¬ 
ferential  equations  are  not  separable,  and  the  problem  cannot 
be  solved  exactly.  The  solution  is  approximated  by  some  se¬ 
lected  components  of  a  Fourier  series.  By  means  of  the  method 
of  weighted  residuals,  an  approximate  solution  for  the  cases 
with  nonsymmetric  prestress  is  obtained  by  solving  an  eigen¬ 
value  problem  which  is  governed  by  8xk  first-order,  homoge¬ 
neous,  linear,  ordinary  differential  equations,  where  k  is  the 
number  of  Fourier  components  used  in  the  solution.  Again,  the 
method  of  solution  is  that  given  in  [2]. 

In  order  to  arrive  at  a  governing  system  of  equations, 
which  is  applicable  for  all  the  analyses  considered  in  this  re¬ 
port,  we  shall  first  write  down  the  governing  equations  for  a 
linear  theory  of  shells  when  referred  to  a  general  orthogonal 
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coordinate  system.  Such  a  system  of  equations  can  be  found  In 
a  paper  by  Knowles  and  Relssner  [3].  These  equations  will  be 
complemented  by  the  Inclusion  of  the  Inertia  terms,  ortho¬ 
tropic  layers,  and  an  arbitrary  reference  surface  as  given  in 
the  theory  derived  by  Kalnlns  [4]. 

For  the  stress  analysis  problem  of  a  shell,  these  linear 
equations  will  constitute  the  governing  system  of  equations. 
For  the  free-vlbratlon  and  stability  analysis  of  a  prestressed 
shell.  It  will  be  regarded  that  the  equilibrium  equations  are 
those  for  the  deformed  shell  element.  Then  the  governing  equa 
tlons  for  the  prestressed  shell  will  be  developed  by  assuming 
that  the  solution  consists  of  a  prestressed  state  and  an  infin 
Iteslmal  superimposed  state.  After  subtracting  out  the  equi¬ 
librium  equations  for  the  prestressed  shell  and  omitting  all 
square  terms  In  the  variables  of  the  superimposed  state,  a 
linear,  homogeneous  system  of  equations  for  the  free-vi brati on 
and  stability  problem  of  a  prestressed  shell  will  be  obtained. 

2.  Governing  Equations  For  Orthogonal  Coordinates 

The  theory  of  shells  derived  In  [4]  is  based  on  three  as- 
sumptl ons : 

1.  Points  on  a  normal  of  a  reference  surface  before  de¬ 
formation  remain  on  a  straight  line  after  deformation. 

2.  Distances  between  the  points  on  a  normal  do  rot  change 
during  deformation. 
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3.  Stresses  are  replaced  by  stress  resultants. 


The  analysis  of  shells  considered  In  this  report  will  be  appli¬ 
cable  to  a  thi n  shell  for  which  the  following  additional  as¬ 
sumptions  will  be  made: 

4.  Points  on  a  normal  of  the  reference  surface  before  de¬ 
formation  remain  on  the  same  normal  after  deformation. 

5.  The  ratio  of  the  thickness  to  the  minimum  radius  of 
curvature  is  negligible  with  respect  to  one. 

Assumption  #1  means  that  the  displacement  vector  is  assumed 
in  the  form 

vUj,^,^)  =  uUre2)  +  C3  8Ui,C2)  (2.1) 

where  £.j,  £2  denote  the  coordinates  of  an  orthogonal  coordinate 
system  lying  on  the  reference  surface,  and  £3  is  the  coordinate 
along  the  normal  of  the  reference  surface.  The  origin  of  £3 
is  on  the  reference  surface.  The  vectors  u  and  £  can  be  re¬ 
solved  into  components  defined  by 


u  =  u,  T.  +  u0  T0  +  u,  T- 
~  1  -1  2-2  3—3 


%  =  61  II  +  02  12  +  B3  I3 


(2.2) 
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where  and  it  are  the  unit  tangent  vectors  of  the  ^ 
coordinate  curves,  and  the  unit  normal  of  the  reference  surface 
Is  defined  by 

I3  x  Jl  x  I2  (2.3) 

Assumption  #2,  which  will  be  made  throughout  this  analysis, 
requires  that  $3  =  0. 

The  governing  equations  of  a  shell  theory  which  Is  based 
on  these  five  assumptions  can  be  displayed  In  the  following 
way.  The  equations  of  equilibrium  are  given  In  vector  form 
by 


^A2  *1^  .  +  ^A1  Jk>  ,  +  A1  A2  &  =  0 

»  I  » Z 

<a2  Si)  ,  ♦  <Ai  *  Ai  A2  <ii  -  Si  + 12  -S2)  <2-4> 

+  a!  a2  a  ■  0 

where  •  N2>  and  ,  JJJ2,  denote  the  resultant  stress  vector 
and  stress  couple  on  the  edges  ^  =  const,  and  s2  =  const., 
respectively;  A-j ,  A2  are  the  nonzero  components  of  the  metric 
tensor  of  the  Uj,C2)  coordinate  system;  and 
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£  *  P  -  bi  “  -  b2  6 

(2.5) 

M  =  m  -  b9  U  -  b,  B 

•*  /V  C.  <v  J 


Commas  designate  differentiation  with  respect  to  the  or  Sg 
coordinates,  and  dots  denote  derivatives  with  respect  to  time. 

If  the  ratio  of  the  thickness  to  the  minimum  radius  of 
curvature  is  negligible  with  respect  to  one  (Assumption  #5), 
then  the  parameters  bj,  bg,  bg  are  given  in  [4]  by 

br  -  j,  p1  <2-» 

where  n  =  1,2,3,  and 


<z?+l 


:f)/n 


(2.8) 


In  equation  (2.7),  m  denotes  the  total  number  of  layers,  p*  is 
the  mass  density  of  the  i-th  layer,  and  £g  =  z.t  £g  =  z^+^  are 
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the  coordinates  of  the  bounding  surfaces  of  the  1-th  layer,  as 
shown  in  Figure  1 . 


The  surface  loads  applied  to  the  two  bounding  surfaces  of 
the  shell  are  represented  by  a  surface  load  vector,  £,  measured 
per  unit  area  of  the  reference  surface,  and  defined  by 

£  =  £1  +  P2  <2-9a> 

where  £1  and  £2  denote  the  surface  loads,  measured  per  unit  area 
of  the  reference  surface,  which  are  applied  on  the  bounding  sur¬ 
faces  £3  =  z-j  and  £g  =  zm+-j ,  respectively.  Similarly,  the  sur¬ 
face  moment  vector  is  defined  by 

~  3  Z1  I3  x  £l  +  zm+l  I3  x  £2  (2.9b) 

Details  of  all  these  definitions  can  be  found  in  [4]. 

The  resultant  stress  vector  and  couple  on  an  edge  £-|  = 
constant  can  be  resolved  into  components  defined  by 


ill  =  N11  II  +  N12  12  +  Q1  h 

(2.10a) 

ill  =  -  M12  Xl  +  M11  Iz 

and  on  £2  =  constant  by 
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REFERENCE  SURFACE 


Figure  1.  Layered  Element  of  Shell. 


~2  B  N21  II  +  N22  *2  +  Q2  *3 


m2  =  -  m22  II  +  m21  t2 


(2.1Cb) 


The  Gauss  formulas  found  In  [3]  for  the  derivatives  of  the 
unit  vectors  for  an  orthogonal  coordinate  system  on  a  surface 
are  given  by 


Il.l  A1 ,2  ~2/A2  "  A1  i 3/Rl 1 


£2,1  *  A1  ,2  Jl/A2  "  A1  i3/R21 
13,1  =  A1  Il/Rll  +  A1  l2/R12 


(2.11a) 


£2, 2  =  ”  A2 , 1  £l/Al  "  A2  Z3/R22 


Il.2 


A2 , 1  l2/Al  "  A2  v3/R12 


*3,2  "  A2  *2/R22  +  A2  *1/R21 
where  the  curvature  components  are  defined  by 


(2.11b) 


Al/Rl 1 

=  *3,1 

'  Ji 

Al/R12 

=  *3,1 

‘  It 

A2 / R2 1 

=  *3,2 

'  li 

A2 / Rg  2 

=  *3,2 

•  Zt 

(2.12) 
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Substituting  the  resultant  stress  and  stress  couple  vectors. 


The  positive  directions  of  the  resultants  are  shown  In  Figure 
2,  and  Pj  .Kj  denote  the  components  o*  P  and  H,  respectively. 

The  relations  between  the  stress  resultants  and  shell 
strains,  given  In  [4],  for  a  layered,  orthotropic,  thin  shell, 
can  be  written  as 


"ll  "  C11  e11  4  C12  c22  4  E11  kll  4  E12  k22  4  H1 


n2 2  "  C12  'll  4  C22  c 22  4  E12  kll  4  E22  k22  4  H2 


•*12  *  *21  *  ^^l  4  v2^  4  ^^1  4  ®2^ 


(2.14) 


"ll  "  E11  C11  4  k 1 2  c22  4  D11  *11  4  d12  *22  4  m3 


♦  E 


*  Dii  tii  *  On  k,,  ♦  H. 


•  E 


22  ’  l12  cll  4  E22  c2?  4  °12  kll  4  °22  k22  4  M4 


H|2  •  Njj  ■  J ( y |  *  Mij  *  *2 ' 


where,  after  using  Assumption  IS,  the  material  parameters  are 
given  by 


c«e  "  ®oBl 
EbI  ®«|2 
°«B  "  ®.B3 


(2.15) 
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respectively;  G)2  is  the  shear  modulus  in  the  tangent  plane  of 
the  (t,,{2)  coordinate  surface;  „)2  denotes  the  contraction 
(Poisson's  ratio)  In  the  {,  direction,  caused  by  a  positive 
normal  stress  in  the  t2  direction;  and  the  superscript  1  refers 
to  the  properties  of  the  1-th  layer. 

The  temperature  terms  In  equations  (2.14)  are  represented 

by  Hk,  where  k  ■  1,2, 3, 4,  and  are  based  on  the  assumption  of  a 

linear  temperature  field  with  respect  to  the  ?3  coordinate. 

Thus,  the  temperature  distribution  within  the  shell  is  assumed 
to  be  given  by 


T(5,,52.t3)  =  Ta({,.C2)  +  £j  TM(4l ,e2)  (2 ,20 

Then,  for  a  thin  shell,  the  Hk  terms  have  the  form 

H1  ■  Ta  +  H]2  Tm 

h2  ■  h2,  Ta  +  h22  Th 

(2.21) 

H3  =  H12  TA  +  H13  TM 

H4  "  H22  TA  +  H23  tm 

where,  for  a  =  1,2  and  n  =  1 ,2,3, 
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(2.22) 


A1  =  “1  +  V1 2  a2 
A2  =  a2  +  V21  al 


(2.23) 


where  aj  and  a2  denote  the  coefficients  of  thermal  expansion 
in  the  and  c2  directions,  respectively. 


If  the  linear  distribution  of  the  temperature  throughout 
the  shell  is  assumed  in  the  form  of  equation  (2.20),  then  the 
prescription  of  the  temperature  distribution  on  the  two  bound¬ 
ing  surfaces  of  the  shell,  given  by  5,  =  z,  and  c,  =  z  , 

3  1  3  m+1  ’ 

define  uniquely  and  T^.  Denoting  the  prescribed  temperature 
on  =  zi  by  tl  and  that  on  ^3  55  zm+i  by  Ty,  we  have  that 


TA  =  <TL  zm+l  "  TU  zl^zm+l  '  zl^ 

(2.24) 

TM  *  (TU  "  TL)/(zm+l  "  Z1J 

The  relations  between  the  shell  strains,  appearing  in 
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equations  (2.14),  and  the  displacement  components,  as  defined 
by  equations  (2.2),  can  be  found  from  [3]  and  written  as 


ell  =  Ul,l/Al  +  Al,2  u2/A1  A2  +  u3/R11 

Y1  =  u2,1/A1  '  A1  ,2  Ul/Al  A2  +  u3/R12 

(2.25a) 

kll  =  el ,1/A1  +  A1  ,2  e2/Al  A2 

61  =  62,1/A1  "  A1  ,2  el/Al  A2 

and 


e22  = 

u2,2/A2 

+  A2,l 

u  1  /A1 

A2  + 

u3/R22 

y2  = 

U1 ,2/A2 

"  A2,l 

u2/A1 

A2  + 

u  3/ R2 1 

k22  = 

b2,2/A2 

+  A2,l 

el/Al 

A2 

62  = 

el ,2/A2 

‘  A2,l 

62/Al 

A2 

On  account  of  Assumption  #4,  we  have  the  relations 


(2.25b) 


61  =  Ul/Rll  +  u2/R12  '  u3,1/A1 
e2  =  u 2 / R2 2  +  u1^R21  "  u3,2^A2 


(2.26) 
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This  completes  the  list  of  the  governing  equations  for  a 
thin,  elastic  shell  which  are  referred  to  an  arbitrary  reference 
surface  and  an  orthogonal  coordinate  system  on  this  surface. 
There  are  twenty-one  equations,  represented  by  equations  (2.13), 
(2.14),  (2.25),  and  (2.26),  and  twenty-one  unknowns.  Together 
with  the  boundary  conditions,  they  constitute  a  properly  posed 
boundary  value  problem  for  the  analysis  of  a  thin  elastic  shell. 

The  appropriate  boundary  conditions,  if  Assumption  #4  is 
employed,  on  an  edge  ^  =  const,  are  the  following: 

* 

1.  Either  or  u^  prescribed, 

* 

2.  Either  or  u2  prescribed, 

* 

3.  Either  or  Ug  prescribed, 

4.  Either  or  3-j  prescribed, 

where  the  effective  stress  resultants  are  defined  by 

N11  "  N11  +  M12/R12 

N12  *  N12  +  M12/R22  (2.27) 

■I  -«1  +  M12,2/A2 

Similar  boundary  conditions  are  obtained  on  the  edge  £2  * 
const,  by  exchanging  the  Indices  1  and  2. 
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The  governing  equations  presented  here  can  be  applied  to 
the  linear.  Infinitesimal-deflection  analysis  of  a  thin  shell, 
for  which  the  geometric  shell  parameters,  given  by  Aj ,  A2,  T-j  , 
T2 ,  T3,  Rj j ,  R12»  ^21 »  R22*  are  taken  as  of  the  reference 

surface  lying  In  the  undeformed  shell.  However,  for  the  free- 
vlbratlon  and  stability  analysis  of  a  prestressed  shell,  we 
must  at  least  consider  the  equilibrium  of  the  deformed  shell 
element. 

It  should  be  noted  that  the  equations  of  equilibrium,  equa¬ 
tions  (2.13),  are  equally  applicable  to  an  undeformed  as  to  a 
deformed  shell  element,  because  a  deformed  shell  Is  just 
another  shell.  In  order  to  apply  equations  (2.13)  to  a  fi¬ 
nitely  deformed  shell,  we  must  simply  regard  that  the  geometric 
shell  parameters  are  the  components  of  the  metric,  unit  tangent 
vectors,  and  curvatures  corresponding  to  a  convected  coordinate 
system  of  the  deformed  shell.  These  geometric  shell  parameters 
are,  of  course,  not  known  until  the  problem  Is  solved,  but  they 
can  be  expressed  In  terms  of  the  known  geometric  shell  param¬ 
eters  of  the  undeformed  reference  surface  and  the  components 
of  the  displacement  vector.  Such  expressions  will  be  derived 
In  the  following  section. 

We  should  also  note  at  this  time  that  since  our  equations 
assume  an  orthogonal  coordinate  system  on  the  reference  sur¬ 
face,  we  have  already  made  the  assumption  that  the  U-|,£2) 
convected  coordinate  system  Is  orthogonal  In  the  undeformed 
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shell  and  remains  orthogonal  throughout  deformation.  However, 
the  coordinate  system  need  not  coincide  with  the  lines  of  cur¬ 
vature  neither  on  the  reference  surface  In  the  undeformed  nor 
In  the  deformed  state. 

3.  Geometric  Shell  Parameters  For  A  Deformed  Shell 

The  object  of  this  section  Is  to  derive  the  relations  be¬ 
tween  the  geometric  shell  parameters  of  two  different  deforma¬ 
tion  states  (States  I  and  II)  of  the  shell,  when  the  displace¬ 
ment  vector  between  these  two  states  Is  given.  States  I  and  II 
can  be  the  undeformed  and  deformed  states  of  the  shell,  or  they 
can  be  any  other  two  states. 

Let  us  denote  the  components  of  the  metric  and  curvature 
and  the  unit  tangent  vectors  of  the  coordinate  curves  of  State 

I  by  alt  a2,  rn,  r]2,  r21 ,  r22,  1 1 ,  fc2,  t3,  and  those  of  State 

I I  by  ,  A  2 ,  ^ii*  ^12*  ^21  *  ^22*  II ’  I2 1  £3  *  The  ( £  1  >  £  2  ^  co¬ 
ordinate  system,  which  describes  the  points  of  the  reference 

surface  of  the  shell,  will  be  assumed  to  be  an  orthogonal  con- 
vected  coordinate  system,  so  that  a  given  material  point  of  the 
reference  surface  retains  the  same  values  of  and  £2  for  any 
deformation  state  of  the  shell.  However,  the  normal  coordinate 
of  a  point  In  State  I  will  be  denoted  by  £3  and  the  normal  co¬ 
ordinate  of  the  same  point  In  State  II  will  be  denoted  by  C3*. 
Then  the  position  vector  of  a  specific  material  point  of  the 
shell  In  State  I  Is  given  by 
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(2.28a) 


r(<! .e2.e3)  ■  s(s, .e2)  +  s3  t3  U,,?2) 
and  In  State  II  by 

R( *^2  *£3)  =  ^ i » C 2 )  *  5  3  £3  ( C 1 » C g )  (2.2b) 

and  the  displacement  vector  Is  defined  by 

v  =  R  -  r  (2.29) 

M 

For  the  purpose  of  deriving  the  equations  for  a  stability 
analysis  of  a  shell,  it  will  be  convenient  to  set  the  normal 
component  of  b  equal  to  zero,  which  was  one  of  the  assumptions 
introduced  in  the  preceding  section.  However,  since  we  can 
resolve  the  displacement  vector  either  along  the  tangent  vec¬ 
tors  of  State  I  or  along  those  of  State  II,  our  choice  of  the 
resolution  will  affect  the  direction  of  the  normal  component 
of  3  • 

For  example,  if  we  use  Assumption  #1  in  the  form 

v  =  u  +  si  6  (2.30) 

**  M  >3  ** 

and  the  resolution 
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a  "  ui  £1  +  u2  iz  +  u3  fa 


(2.31a) 


i  "  *1*1  +  *2  fa 


(2.31b) 


then  a  point,  which  was  In  State  I  at  *  1  *  will  be  at 


II  1/2 

5 3  ■  (l  +  ef  +  e|) 


(2.32) 


In  State  II.  Similarly,  If  we  use  Assumption  #1  in  the  form 


II 


v  *  u  +  e 

M  ft  6  9* 


(2.33) 


and  the  resolution 


*  ■  U1  II  +  U2  It  +  U3  £} 


(2.34a) 


&  -  B1  II  +  B2  12 


(2.34b) 


then  a  point,  which  was  In  State  I  at  cj  =  1,  will  be  In  State 
II  at 


.II 


n  -  Bf  -  Bg) 


1/2 


(2.35) 


This  means  that  If  either  equation  (2.31b)  or  (2.34b)  Is 
employed,  the  distances  between  the  points  on  a  normal  will 
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change,  and  that  Assumption  L  Is  not  compatible  with  setting 
the  normal  component  of  b  eq>  1'  to  zero  for  a  large  rotation 
of  the  normal.  For  our  purpf  -#s.  It  will  be  appropriate  to 
make  the  assumption  that  the  ‘Tates  I  and  II  are  such  that  the 
squares  of  the  components  of  b  are  negligible  with  respect  to 
one.  Then,  according  to  equation  (2.32)  and  (2.3S),  the  normal 
coordinate  of  a  point  In  State  I  equals  the  normal  coordinate 
of  the  same  point  In  State  II,  and  the  coordinate  system  Is 
also  convected  In  the  direction. 


With  this  assumption,  we  have  that 


I  _  .II. 


and  the  displacement  vector  Is  given  by 


(2.3C) 


v  -  U  ♦  to  8 

*»  J  M 


(2.37) 


where 


u  ■  S  -  s 


i  "  la  "  ii 


(2.38a) 


( 2 . 38h ) 


The  nonzero  components  of  the  metric  and  the  unit  tangent  vec- 
tors  of  State  I  are  given  by 


(2.39) 


#i 


s  9 

•»,z 


(2.40) 


iz 


&,2^a2 


•nd  those  of  State  II  by 


(2.41) 


*1 


s » 

•*,2 


II  "  $,l'Al 


(2.42) 


T 

m 
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Using  equations  (2.38),  the  relations  between  the  unit  tangent 
vectors  In  the  two  states  are  given  by 


II  =  <al£l  +  !d,l)/Al 

Iz  =  ^  a2~2  +  Ji,2^A2  t  .  43) 

13  =  ~3  +  £ 

The  connection  between  the  components  of  the  metric  In  the 
two  states  is  found  from  equations  (2.39)  and  (2.41),  which, 
with  the  use  of  equation  (2.38a),  can  be  written  as 


*?  - 


M  ■ 


<i,i  +  S.i> 


s  , )  -  s 
1  •*. 


=  t"l  Ji  1  +  Ji  1  1 

I  I  “  9  I  “  9  I  “  9  I 


(2.44) 


or 


Ai  =  V1  +  '  E,i/ai  +  “,1  ’  wvm  (2.45) 

Resolving  u  along  the  tangent  vectors  of  State  I,  as  given  by 
equation  (2.31a),  differentiating  with  respect  to  c-j.  and  using 
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the  Gauss  formulas,  leads  to 

H,1/al  “  ell£l  +  Yll2  "  el£.3  1  .46) 

where  the  shell  strains  are  given  by  equations  (2.25)  and 
by  equations  (2.26).  Substituting  equation  (2.46)  Into  equa¬ 
tion  (2.45)  we  find  that 

Aj  *  +  2  e  i  ^  +  e^j  +  +  Bj)  ^  (2.47) 

Let  us  recall  that  we  already  have  assumed  that  8f  Is  neg¬ 
ligible  with  respect  to  one.  Let  us  now  assume  further  that 
the  States  I  and  II  are  such  that  the  squares  of  any  of  the 
shell  strains,  defined  by  equations  (2.25),  are  negligible  with 
respect  to  one.  Then  It  follows  from  equation  (2.47)  that 

Aj  *  a^O  +  e^j)  (2.48a) 

and,  by  a  similar  procedure,  that 

A2  -  a2(l  +  e22)  (2.48b) 

The  connection  between  the  components  of  curvature  of  the 
two  states  Is  found  from  the  definitions  given  by  equations 
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(2^12),  Using  equations  (2.43),  we  can  write  that 


Al/Rll  B  (l3,l  + 


]  '  (al£l  +  £,1> 


(2.49) 


or 


Al/Rll  ■  ali3.1  •  i,  ♦  «!&,,  •  t,  ♦  t3_,  • 


+  6  1  •  u  , 

**  »  I  ,  I 


(2.50) 


Resolving  also  £  along  the  tangent  vectors  of  State  I,  as  given 
by  equation  (2.31b),  we  find  that 


£,l/al  =  kll£l  +  5 1  *,2  '  ^1^3  (2.51) 

where  the  shell  strains  are  given  by  equations  (2.25)  and 

U1  =  6l/rll  +  e2/r21  (2.52) 

Substituting  equation  (2.46)  and  equation  (2.51)  Into  equation 
(2.50)  and  using  the  definition  of  the  components  of  curvature 
for  State  I,  we  find  that 


(A|/a|)/R11  =  l/rn  +  kn  +  y^r^  +  e ]  -| ] 


+  k1]eil  +  y161  +  B1y1 


(2.53) 


As  before,  we  again  omit  any  terms  which  have  squares  of  shell 
strains  In  comparison  to  those  which  have  none,  and  get 


(Af/af)/Rii  =  ^rll  +  ^11  +  Y 1  ^  rl  2  +  e  1 1  /  ^ 
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(2.54) 


or  using  equation  (2.48a),  we  find  that 


1/R-j  1  =  l/^ii  ^  k-j  i  ^  y  i  / i  2  +  £ll^^^ll  ”  ^  R 1 1  ^  (2.55) 


Since  the  difference  in  the  curvature  components  contains  shell 
strains  of  power  one,  and  those  having  power  two  are  negligible, 
then  equation  (2.55)  can  finally  be  written  as 


l/R'j  i  =  "I / ^ 1 1  +  k 1 1  +  y i / r 1 2  “  e "j  *j / r* 1 1  (2.5  a ) 

Similarly,  from  equations  (2.12)  we  get  that 


A1A2/R12  =  ^3,1  +  £,1*  *  ^a2l2  +  £.2* 
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which,  after  omitting  the  squares  In  shell  strains  and  using 
equations  (2.48),  leads  to 

I/R12  =  1  / r *1 2  +  ^1  +  Yg/ r  1 1  ”  en/ri 2  (2.5  b ) 

By  exchanging  the  Indices  1  and  2,  we  can  obtain  the  remaining 
relations  of  the  curvature  components  In  the  form 

1/^21  =  ^ ^ 2 1  ^  fi2  ^  Y 1 / r22  "  e22^ r21  (2.56c) 

1/^22  =  1  / r22  ^22  ^  Y 2 / 2 1  "  e22^ r22  ( 2 . 5 6 d ) 

Equations  (2.48)  and  (2.56)  give  the  desired  expressions 
between  the  geometric  shell  parameters  of  States  I  and  II  when 
the  shell  strains  between  these  states,  as  defined  by  equations 
(2.25)  In  terms  of  the  components  of  the  displacement  vector, 
are  given.  It  should  be  recalled  that  In  deriving  these  ex¬ 
pressions,  terms  containing  squares  of  shell  strains  have  been 
neglected  in  comparison  with  terms  which  contain  none. 
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4.  Governing  Equations  of  Equilibrium  for  Infinitesimal 

Perturbations . 

The  stability  and  the  f ree-vlbratlon  problem  of  a  shell 
with  Initial  prestress  are  both  concerned  with  a  prestress 
load  system  which  produces  In  the  shell  a  prestressed  state. 
The  stresses  and  displacements  of  the  prestressed  state  are 
supposed  to  be  previously  calculated  by  some,  linear  or  non¬ 
linear,  shell  theory. 

The  stability  problem  asks  whether  or  not  there  exists  a' 
static  perturbed  state,  Infinitesimally  close  to  the  pre¬ 
stressed  state,  which  Is  still  In  equilibrium  with  the  pre¬ 
stress  load  system.  The  f ree- vl bratl on  problem  requires  the 
existence  of  such  a  perturbed  state  In  the  presence  of  the 
Inertia  terms.  The  object  of  this  section  Is,  therefore,  the 
derivation  of  the  governing  equations  of  equilibrium  for  the 
case  when  infinitesimal  perturbations  are  superimposed  on  the 
prestressed  state.  Such  perturbations  must  necessarily  In¬ 
volve  not  only  the  perturbations  In  the  stress  resultants  of 
the  prestressed  state,  but  also  In  geometry  of  the  shell, 
which  Is  described  by  the  components  of  the  metric  and  curva¬ 
ture. 

After  much  of  the  theoretical  work  of  this  report  was 
completed,  papers  by  Kolter  [8],  Cohen  [9],  and  Budlansky 
[10]  appeared  In  the  literature,  which  addressed  themselves 
exactly  at  the  same  problem,  l.e.,  the  appropriate  equations 
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for  the  stability  analysis  of  an  arbitrary  shell.  While  un¬ 
doubtedly  all  the  desired  Information  regarding  such  equations 
could  have  been  obtained  from  any  one  of  these  references,  the 
point  of  view  which  had  been  adopted  for  the  purposes  of  this 
report  is,  in  our  opinion,  sufficiently  different  to  warrant 
the  presentation  of  our  derivation  of  the  stability  equations. 
The  author  must  hasten  to  acknowledge,  however,  the  benefit 
of  having  read  the  three  references,  which  no  doubt  has  helped 
him  In  the  preparation  of  the  final  version  of  the  derivation 
of  the  stability  equations  given  In  this  report. 

In  our  derivation,  we  shall  require  at  the  outset  that 
the  coordinate  system  used  to  describe  the  shell  in  the  pre¬ 
stressed  state  is  restricted  to  be  orthoqonal ,  although  not 
necessarily  directed  along  the  lines  of  curvature.  Such  a 
requirement  makes  our  equations  less  general  than  these  given 
in  [8,  10],  where  they  are  written  in  tensor  form  and  there¬ 
fore  applicable  to  arbitrary  coordinates.  We  feel  that  the 
orthogonality  restriction  will  not  Introduce  a  serious  Incon¬ 
venience  to  the  shell  analyst,  because,  whenever  possible, 
orthogonal  coordinate  systems  should  be  preferred  to  non- 
orthogonal  ones. 

The  infinitesimal  perturbations  in  the  prestressed  state 
can  be  regarded  as  infinitesimal  increments  in  each  of  the 
quantities  appearing  in  the  equations  of  equilibrium,  as  given 
by  equations  (2.13).  An  appealing  interpretation  of  the  per¬ 
turbation  state  is  given  in  [10]  in  terms  of  the  rates  nf 
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change  of  all  the  quantities  of  the  prestressed  state  with 
respect  to  some  monotonl cal ly  Increasing  parameter,  which 
could  be  Imagined  as  time.  Then  the  stability  and  free-vlbra- 
tlon  problems  are  concerned  with  the  existence  of  the  rates  of 
the  prestress  quantities  corresponding  to  prescribed  rates  of 
the  load  terms.  Of  course,  the  rate  concept  can  be  translated 
Into  Infinitesimal  Increments  (differentials)  by  simply  multi¬ 
plying  the  rates  by  the  differential  In  time.  Thus,  If  a  so¬ 
lution  In  rates  exists,  then  clearly  there  also  exists  a  per¬ 
turbed  state,  at  a  time  dt  away  from  the  prestressed  state, 
given  for  each  quantity  by 

(  )  -  (  )P  +  C)dt  (2.57) 

where  the  superscript  p  denotes  the  prestressed  state,  and  a 
dot  designates  the  rate  of  change  evaluated  at  the  prestressed 
state. 

Using  such  a  rate  concept,  let  us  now  turn  our  attention 
to  equations  (2.13)  which  represent  the  exact  conditions  of 
equilibrium  of  the  prestressed  state,  if  the  metric  and  cur¬ 
vature  components  are  those  of  the  prestressed  state.  From 
here  on,  we  shall  distinguish  all  quantities  belonging  to  the 
prestressed  state  by  the  superscript  p. 

fn  order  to  derive  the  appropriate  equations  for  the  rates 
of  all  quantities,  we  must  simply  differentiate  all  equations 
(2.13)  with  respect  to  time.  In  doing  so,  we  should  note  that 
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It  follows  from  equations  (2.48)  and  (2.56)  that  the  rates  of 
change  of  the  metric  and  curvature  components  can  be  expressed 
as 


e  AP 
ellAl 


AP 

"2 


e  AP 
e22"2 


(2.58) 


and 


(1/R^)  =  kn  +  Yj/Rp2  -  en/R?i 
( 1 / R ^ 2 )  =  ® i  +  y2/ri i  "  ei l/R12 

(2.59) 

( 1/R21 )  =  2  +  Y"|/R22  ”  e22^21 
(1/R22)  =  k22  +  y2/p2]  -  e22^22 

After  performing  the  differentiations  of  equations  (2.13a), 
(2.13c),  (2.1 3e ) ,  and  using  (2.59),  they  can  be  written  in 
the  form 
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(A2^1 1 )  ,  +  ^A1 ^21 ^  ?  +  A1 ,2R1 2  '  A2 , 1 ^22 

+  +  Q2/Rf2)  +  (e22AgNyi)  1 

+  (e^AfN^)  ^  +  (cnAfj^Nfg 
-  U22AP)  ^22  +  APAPqP(kn  +  y-j/R^g  +  e22/R^) 

+  aPaPqP(6-|  +  +  e22^Rl 2^ 

+  3 ( aPaBp? ) / at  =  0 

(2.63) 

(A2V  1  +  (AlV  2  *  A1A2(R11/R11  +  "l2/R12 
+  n21  /R21  +  ^22/R22)  +  ^22A2Q1)  ] 

+  ^ e 1 1  Al ^2  ^  2  '  A1A2^N11^11  +  y1/R12  +  e22/R11^ 
+  N^2 ( 6 i  +  Y2/RR1  +  E22R1 2^ 

+  R21 ^  fi2  +  Y1 /R22  +  e  1 1 R2 1 ^ 
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♦  N§2U22  ♦  *2/R21  *  C11/A22^ 

♦  3( A^P^)/»t  -  0 

< A2^1 1 )  1  *  tAl"21*  2  *  A1,2A12  '  A2 ,1*22  '  A1A2^1 

♦  (c22AjN^1)  ^  ♦  (cnAfNjtl  ^  (I,,*?) 

-  (c22aJ)  ^22  -  (cn  ♦  ‘22)A1A2°? 

♦  -  0 

Equations  (2.13b)  and  (2.13c)  give  similar  expressions  where 
only  the  Indices  1  and  2  must  be  exchanged. 

Our  equations  of  equilibrium  ■ are  obtained  In  ona  step 
from  the  well-known  equations  of  equilibrium  of  a  shall  ele¬ 
ment.  Because  we  have  restricted  the  coordinate  system  to 
remain  orthogonal  also  In  the  perturbed  state,  our  equations 
contain  the  assumption  that  the  rate  of  the  membrane  shear 
strain  Is  zero. 

To  complete  the  system  of  equations,  the  stress-strain 
and  strain-displacement  equations,  (2.14),  17.25).  and  (2.26), 
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must  be  added,  where  all  stress  resultants,  shell  strains, 
and  displacement  components  are  regarded  as  their  rates,  while 
the  metric  at.d  curvature  components  are  those  of  the  prestressed 
state.  Such  equations  would  not,  however,  be  exact,  because 
the  rates  of  change  of  the  metric  and  curvature  components  are 
neglected.  Therefore,  If  equations  (2.14),  (2.25),  and  (2.26) 
were  used,  then  any  terms  containing  the  products  of  the  dis¬ 
placement  components  of  the  prestressed  statn  and  rate  vari¬ 
ables  of  the  perturbation  would  have  been  neglected.  Such  an 
assumption  will  be  made  throughout  this  report. 


Having  derived  the  governing  equations  for  infinitesimal 
perturbations  of  a  given  prestressed  state,  let  us  now  turn 
our  attention  to  the  stability  problem  of  a  thin,  elastic 
shel 1 . 

The  concept  of  stability  involves  a  sequence  of  prestress 
load  systems  which  are  applied  to  the  shell  in  a  certain  pre¬ 
scribed  step-wise  fashion  in  such  a  way  that  at  each  subse¬ 
quent  step  some  loads  of  the  prestress  load  system  have  in¬ 
creased  in  magnitude.  We  shall  assume  that  the  initial  step 
is  taken  as  one  where  the  prestress  loads  are  absent,  and 
that  at  this  step  the  shell  is  in  an  unstressed  state  and 
stable. 

After  the  loading  of  each  step  of  the  prestress  load  sys¬ 
tem  is  completed  and  the  shell  has  reached  a  static  prestressed 
state,  we  shall  perturb  the  prestressed  state  by  applying  some 
superimposed  load  system  which  produces  an  1  nf 1 nl tesimal  per¬ 
turbation.  By  definition,  the  shell  will  be  declared  unstable, 
or  we  shall  say  that  It  buckles ,  when  a  prestress  load  system 
Is  found  at  which  a  perturbed  state  Is  possible  without  the 
application  of  any  superimposed  loads.  The  first  such  pre¬ 
stress  load  system,  encountered  In  the  step-wise  process  of 
Increasing  the  prestress  loads,  will  be  designated  the  critical 


Mathematically,  the  buckling  load  of  the  shell  Is  reached 
when  the  rate  equations,  given  In  the  preceding  section,  to¬ 
gether  with  the  appropriate  boundary  conditions,  are  satisfied. 
The  rates  of  the  load  terms,  which  occur  as  the  last  term  in 
each  of  the  equilibrium  equations  (2.63),  however,  must  be 
assigned  values  to  correspond  to  the  kinds  of  prestress  loads 
applied  to  the  shel 1 . 

Since  each  surface  or  edge  load  is  distinguished  by  its 
Intensity  (per  unit  area  or  length)  and  direction,  there  can 
be  general  prescribed  relations  between  the  Intensity  and 
direction  and  the  deformation  o^  shell.  Each  such  pre¬ 
scribed  relation  would  determine  the  precise  form  of  the  load 
rate  terms  Included  In  equations  (2.63).  Because  of  the  ap¬ 
proximations  planned  In  this  section,  all  the  terms  Involving 
the  load  rates  will  be  neglected,  and  therefore  the  form  of 
the  possible  expressions  for  the  load  rate  terms  will  not  be 
pursued  any  further. 

The  definition  of  Instability  which  we  have  employed  means 
that  when  the  prestress  load  system  has  reached  the  buckling 
load,  then  both  the  prestressed  and  perturbed  states  are  In 
equilibrium  with  the  same  critical  load  system.  Therefore,  at 
the  same  loads,  two  solutions  are  possible  which  Indicates  a 
point  of  bifurcation  In  the  solution. 

It  may  happen  that  the  shell  does  not  fall  at  a  point  of 
bifurcation,  so  that  the  buckling  load  does  not  coincide  with 
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the  collapse  load.  However,  for  the  purpose  of  presenting  an 
analysis  for  arbitrary  shells  of  revolution,  it  will  be  re¬ 
garded  that  a  bifurcation  point  represents  a  state  of  the 
shell  at  which  the  collapse  of  the  shell  may  start.  No  attempt 
will  be  made  in  this  report  to  pursue  the  state  of  the  shell 
beyond  such  a  bifurcation  point. 

There  is  no  fundamental  difficulty  In  retaining  in  the 
stability  analysis  all  the  terms  which  appear  In  equations 
(2.63).  However,  the  question  may  be  raised,  whether  or  not 
all  the  terms  are  equally  significant  and  under  what  condi¬ 
tions  can  they  be  simplified.  It  Is  the  object  of  this  section 
to  examine  arguments  on  the  basis  of  which  some  of  the  terms 
may  be  neglected.  The  reason  for  such  an  objective  Is  the 
desire  to  obtain  the  simplest  possible  system  of  equations  for 
stability  analysis,  and  at  the  same  time  to  understand  the  pre¬ 
cise  limitations  of  such  equations.  After  this  examination  will 
be  completed,  we  shall  be  able  to  judge  whether  or  not,  for  a 
given  case,  our  stability  equations  are  valid.  If  the  pre¬ 
stressed  or  perturbed  states  do  not  meet  the  Imposed  limita¬ 
tions.  we  shall  also  know  how  to  modify  the  stability  equa¬ 
tions  by  retaining  more  terms  from  the  exact  equations  (2.63) 
to  make  them  valid. 

It  is  proposed  now  to  develop  the  equations  of  equilibrium 
for  the  stability  analysis  with  the  following  limitations: 


41 


1.  As  far  as  equilibrium  Is  concerned,  the  element  of 
the  shell  does  not  stretch  when  going  from  the  pre¬ 
stressed  to  the  disturbed  state. 

2.  The  bending  stresses  of  the  prestressed  state  are 
negligible  with  respect  to  the  membrane  stresses. 

The  first  assumption  means  that  we  may  set  in  equations 
(2.63)  e  1 1  =  e?2  =  °*  this  Is  accepted,  then  the  shell  is 
assumed  to  buckle  inextensional ly ,  as  in  the  infinitesimal 

bending  of  a  ring  or  a  plate.  This  assumption  may  be  justified 
on  physical  grounds  for  a  case  of  a  smooth  shell  of  revolution, 
subjected  to  an  axlsymmetric  prestress.  For  such  a  case,  the 
superimposed  state  contains  a  number  o'  circumferential  waves, 
which  means  that  each  Initially  circular  strip  will  change  to 
a  wavy  strip  when  buckling  begins.  Such  a  deformation  need 
not  involve  any  stretching  of  the  strip,  so  that  and  c^2 
may  Indeed  be  close  to  zero. 

It  should  be  emphasized  that  the  first  assumption  Is  only 
used  for  the  consideration  of  equilibrium,  bet  will  not  be  used 
In  the  stress-strain  and  strain-displacement  relations.  There¬ 
fore,  after  the  superimposed  state  for  a  critical  load  Is  found. 
It  will  be  possible  to  check  the  relative  magnitudes  of  the  mem¬ 
brane  and  bending  strains.  Since,  as  given  In  [4],  the  three- 
dimensional  strain  can  be  written  In  the  form 


‘11  "  ‘11  *  *3*11 


(2.64) 
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the  validity  of  this  assumption  may  be  estimated  by  comparing 
for  the  superimposed  state  the  membrane  strain  with  the  maximum 
value  of  the  bending  strain.  If  the  first  Is  much  smaller  than 
the  second,  then  the  Inextenslbl 1 1 ty  assumption  will  be  justi¬ 
fied. 

The  second  assumption  means  that  we  can  set  In  equations 
(2.63) 

M11  ’  M12  ■  "Si  *  *  1?  *  Q£  ■  0 

The  validity  of  this  assumption  can  be  easily  checked  by  exam¬ 
ining  the  magnitudes  of  the  stress  resultants  of  the  prestressed 
state.  For  the  case  when  the  reference  surface  Is  the  middle 
surface  of  the  shell,  the  membrane  stress  Is  given  by 

■  N  /h  (2.65a) 

ap  ap 

and  the  maximum  bending  stress  by 

abe  •  S*  J hJ  (2.65b) 

08  08 

where  *,  e  •  1,2  and  h  denote*  the  thickness  of  the  shell.  If 
In  the  prestressed  state 
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(2.66) 


then  the  second  assumption  Is  justified.  If  not,  It  Is  not 
justl fled. 

If  the  elastic  limit  of  the  material  Is  not  to  be  exceeded, 
then  the  loss  of  stability  occurs  predominantly  In  thin  shells 
for  which  the  Inequality  (2.66)  will  be  satisfied.  This  does 
not  mean,  however,  that  the  basic  state  should  be  obtained  by 
means  of  the  membrane  theory.  If  this  were  done,  then  not  all 
boundary  conditions  of  the  prestressed  state  could  be  satisfied. 
For  a  general  approach,  the  prestressed  state  should  be  obtained 
by  means  of  the  bending  theory  of  shells.  After  this  Is  done, 
the  Inequality  (2.66)  should  be  examined,  and.  If  It  Is  reason¬ 
ably  satisfied,  only  then  the  stability  equations  based  on  the 
second  assumption  should  be  employed. 

After  making  use  of  these  two  assumptions  In  equations 
(2.63),  the  equations  of  equilibrium  for  the  stability  analysis 
have  the  following  fora 


(Al"l 1 > 


*? ,2*12  ’  *2.1*22 


♦  ♦  V*?2}  ’  0 
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(a!|n12)  ^  +  (A^N22)  ^  +  A2,1N21  ‘  A1,2N11 


+  aPaP^/rP,  +  q2/rP2)  =  0 


(A2Q1 )  1  +  2  "  A1A2^N11/R11  +  N12/R12 

+  N21/rP]  +  N22/rP2)  =  APAP[NP](kn  +  Yl/R?2) 

(2.67) 

+  2(fi]  ♦  y2/R?i  )  +  N§1(«2  ♦  Yl/Rg2) 

+  R 22 ( ^ 22  +  y2^R21 ^  ^ 

( A2M1 1 )  1  +  (AfM2i)  2  ♦  A1 , 2H1 2  '  A2,1M22  '  Q1  “  0 

( A2M1 2 )  1  *  (ARM22)  ^  ♦  AP  jM21  -  A^2Mn  -  Q2  ■  0 

At  this  point,  the  decision  aust  be  aade  whether  the  sta¬ 
bility  analysis  should  be  valid  for  a  prestressed  state  which 
has  large  deflections  and/or  rotations.  In  which  case  the 
shapes  of  the  shell  In  the  unstressed  and  prestressed  states 
aay  differ  considerably.  If  we  wish  to  adalt  such  cases,  then 
the  prestressed  state  aust  be  calculated  for  each  prestress 
load  systea  using  an  appropriate  nonlinear  theory.  Then  It 
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also  becomes  necessary  to  consider  the  equilibrium  equations 
In  the  prestressed  state  by  using  the  components  of  the  metric 
and  curvature  of  the  prestressed  state,  as  shown  In  equations 
(2.67).  Of  course,  these  components  are  not  given  with  the 
problem,  but  must  be  calculated  from  the  metric  and  curvature 
components  of  the  unstressed  state  and  the  shell  strains  of  the 
prestressed  state.  The  shell  strain-displacement  relations  are 
then  nonlinear  for  the  prestressed  state,  and,  consequently, 
additional  stability  terms  will  appear  In  the  shell  strain- 
displacement  relations  for  the  superimposed  state.  These  terms 
will  contain  products  of  displacement  quantities  of  the  pre¬ 
stressed  and  superimposed  states. 

While  there  Is  no  doubt  that  such  a  procedure  would  lead 
to  a  more  accurate  prediction  of  the  bifurcation  points  of  the 
solution.  In  many  cases  It  may  be  unnecessary.  For  example, 
the  deformation  of  the  prestressed  state  In  an  axially  loaded 
column  produces  a  slightly  shorter  column  at  the  time  of  buck¬ 
ling  and  Is  negligible,  as  far  as  the  calculation  of  the  crit¬ 
ical  load  Is  concerned.  Similarly,  the  prestressed  deforma¬ 
tions  In  a  spherical  shell,  subjected  to  an  external  pressure, 
need  not  be  calculated  by  a  nonlinear  theory,  because  the  shell 
Just  prior  to  buckling  Is  another  spherical  shell  with  a  slight¬ 
ly  shorter  radius.  As  a  matter  of  fact.  It  is  difficult  to 
tbfak  of  a  buckling  problem  In  whlcn  the  prestressed  state  Is 
not  predominantly  a  coatresslve  membrane  state  Involving  very 
little  bending.  The  bending  occurs  at  the  critical  load,  when 
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going  from  the  prestressed  to  the  disturbed  state. 

If  this  argument  is  correct,  then  not  only  are  the  first 
two  assumptions  justified,  but  we  would  be  also  justified  to 
assume  that: 

3.  The  deflections  and  rotations  of  the  prestressed 
state  are  infinitesimal. 

This  will  mean  that  in  equations  (2.67)  and  (2.25),  we  can 
set 


A1  =  al 


A2  *  a2 


R11  "  rll 
R1 2  "  r12 


(2.68) 


Q r  n  r 
r  1  r2 1 

pP  ■  r 
k22  r22 


where  the  terns  on  the  right-hand  side  refer  to  the  unstressed 
state.  Moreover,  we  can  also  neglect  any  stability  terns  which 
otherwise  would  occur  in  the  shell  strain-dlspl icenent  equations, 
if  a  large-deflection  prestressed  state  were  adnitted. 
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Although  It  Imposes  a  definite  limitation  on  the  prestressed 
state,  such  a  procedure  would  save  a  considerable  amount  of  com¬ 
putation.  First,  the  prestressed  state  has  to  be  calculated  by 
means  of  a  linear  shell  theory  only  once,  because  other  pre¬ 
stressed  states  can  be  obtained  by  superposition,  and  second, 
the  only  quantities  which  must  be  saved  from  the  prestressed 
state  are  the  membrane  stress  resultants  ,  N^>  ,  and 

N^2*  This  procedure  will  be  adopted  In  the  stability  analysis 
described  In  this  report. 

As  far  as  the  free-vlbratlon  problem  of  a  prestressed  shell 
Is  concerned,  the  arguments  used  to  simplify  the  stability  terms 
may  nr  longer  be  as  sound  as  for  the  stability  problem.  How¬ 
ever,  for  the  analysis  described  In  this  report,  It  will  be 
simply  assumed  that: 

1.  The  vibration  of  the  prestressed  shell  is  predomi¬ 
nantly  Inextenslonal . 

2.  The  prestressed  state  Is  a  nembrane  state. 

3.  The  deformations  of  the  prestressed  state  are  infin¬ 
itesimal  . 

If  such  limitations  are  acceptable,  then  the  system  of 
equations  used  for  both  the  free  vibration  and  stability  anal¬ 
yses  will  consist  of  equations  (2.67),  (2.68),  (2.14),  and 
(2.2S).  Inertia  terms,  appearing  In  equations  (2.13)  must  be 
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added  to  equations  (2.67)  for  the  free-vlbratlon  problea. 
Together  *1th  soae  hoaogeneous  boundary  conditions,  these  equa¬ 
tions  constitute  a  linear  eigenvalue  problea. 
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III.  FUNDAMENTAL  EQUATIONS  FOR  SHELL  ANALYSIS 


1 .  Introducti on 

The  governing  equations  derived  in  Section  II  consist  of 
a  system  of  twenty-one  equations  and  contain  twenty-one  unknowns. 
The  boundary- val ue  problem  can  be  formulated  in  terms  of  eight 
differential  equations,  henceforth  called  the  fundamental  equa- 
ti ons .  involving  only  eight  unknowns,  called  the  fundamental 
vari abl es .  The  other  variables  are  related  to  the  fundamental 
variables  by  algebraic  relations.  Such  a  formulation  has  been 
first  used  for  a  general  shell  in  [5],  and  will  form  the  foun¬ 
dation  for  all  the  shell  analyses  described  in  this  report. 

According  to  the  method  of  analysis  proposed  in  [5],  one 
of  the  two  coordinates  on  the  reference  surface  of  the  shell 
must  be  selected  as  a  preferred  coordinate,  say  and  then 
the  fundamental  equations  will  form  a  system  of  eight  first- 
order  partial  differential  equations  with  respect  to  c-j  ,  and 
the  fundamental  variables  will  be  those  quantities  which  appear 
in  the  boundary  conditions  on  the  edge  ^  =  constant.  Thus, 
if  c-j  is  selected  as  the  preferred  coordinate,  the  fundamental 
variables  used  in  the  formulation  of  the  boundary  value  problem 
of  a  shell  are  the  elements  of  the  following  matrix 
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12 


M 


11 


where  the  asterisk  designates  the  effective  stress  resultants 
defined  by  equations  (2.27). 


The  method  of  analysis  used  in  [5]  requires  the  solutions 
of  i ni ti al - val ue  problems  of  the  fundamental  variables  within 
the  interval  of  the  coordinate.  For  this  purpose,  it  is 
necessary  to  calculate  the  derivatives  of  the  fundamental  vari¬ 
ables  with  respect  to  5-j  at  a  given  value  of  c-j  ,  when  the  phys¬ 
ical  and  geometrical  parameters  of  the  shell,  the  fundamental 
variables  themselves,  and  their  derivatives  with  respect  to 
are  known  at  that  value  of  c,. 

There  is  a  convenient  way  of  arranging  the  governing  equa¬ 
tions  for  the  purpose  of  such  a  calculation.  It  has  been  given 
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for  a  shell  of  revolution  in  [6]  and  for  a  general  shell  in 
[5].  It  is  convenient,  because  if  all  equations  are  calculated 
consecutively,  the  end  product  is  the  required  derivatives  of 
the  fundamental  variables  with  respect  to  5-j. 

The  fundamental  equations  for  an  arbitrary  shell  and  for  a 
shell  of  revolution  will  now  be  listed  separately. 

2.  Arbitrary  Shell 

According  to  the  scheme  given  in  [5],  the  calculation  of 
the  derivatives  of  the  fundamental  variables  with  respect  to 
?1  for  a  classical  theory  of  shells  can  be  arranged  in  the  fol¬ 
lowing  order: 


e22  "  U2,2/a2  +  a2,lUl^ala2  +  u3/r22  (3.1) 
y2  =  ul,2/a2  ‘  a2 , 1 u2^al a2  +  u3/r12  (3.2) 
^2  =  U2^r22  +  u i / r i 2  "  u3  2^a2  (3.3) 
k22  =  e2,2^a2  +  a2,l6l^ala2  (3.4) 
62  =  6l,2/a2  "  a2,lB2^ala2  (3.5) 
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(3.6) 


u 3 , 1  "  al(ul/rll  +  U2/r21  " 

X1  =  al,2u2/ala2  +  u3^rll  (3*7) 

^2  =  ”  al  2ul^ala2  +  u 3/ r 1 2  (3*8) 

x3  =  u2  ^ 1 / r22 ^  .  +  ui(1/ri2^  ,  "  u3,12/a2 

>  *  9  ' 

+  U3,2a2,l/a2  *3,9* 

x4  =  X3/al  "  al,2Bl/ala2  '  X 1 ^ rl 2  (3.10) 

d-j  =  J  +  K/r22  (3.11) 

N3  =  N11  ’  C 1 2 e 2 2  "  E 1 2 k22  H1  J^X2  +  Y2^/r12 

-  K(x4  +  62)/r12  (3.12) 

N4  =  N*2  -  (F  +  J/r22)(x2  +  y2)  -  d1 ( x4  +  6 2 )  (3.13) 

M3  =  M11  "  E 1 2 e 2 2  "  D 1 2 k 2 2  '  H3  (3.14) 
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d2  =  F  +  2J/r22  +  K/r|2  (3.15) 

d3  =  Cn  +  K/r*?  -  E2]/D11  -  ^/<*2r]z  (3.16) 

ell  =  ^N3  '  E1 1M3^D1 1  "  dlN4/d2r12-*/d3  (3.17) 

kll  =  ^ M3  "  Ellell^/Dll  (3.18) 

“1.1  =  al<Ell  *  al,2u2/ala2  -  u3/r11>  (3-,9) 

B-j  i  =  a  i  (  k  1 1  -  ai  232/a^a2)  (3.20) 

1^2  i  =  a i  ( N 4  -  ^ien/ri2^d2  (3.21) 

y i  =  u2  -j / a -j  +  X2  (3.22) 

61  =  u2,l/alr22  +  ell/r12  +  X4  (3.23) 

^12  =  d^Yl  +  y2^  +  k^5l  +  (3.24) 
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^22  ~  ^1 2e  1 1  +  ^22^22  ^12^11  +  ^22^22  "*"  ^2  (3.25) 

^22  =  ^12ell  +  B22e22  +  ^12^11  +  ^22^22  +  B4  (3.26) 

^*11  =  ^*11  ”  ^12^r12  (3.27) 

^12  =  ^12  ”  ^12^r22  (3.28) 

Q 1  =  Q i  “  ^]2,2^a2  (3.29) 

a2B  =  ( M22 )  ^  +  a2>1M21  -  a^M^ 

-  a1a2(b2u2  +  b3e2  -  m2)  (3.30) 

a2N 11,1  =  a2Ml 2^ 1/rl 2  ^  ,  ‘  a2,lNll  '  a2B/r12 

>  ' 

^ a 1 N 2 1 )  2  "  al  ,2N12  +  a 2 , 1 N 2 2 

ala2^1^rll  P 1  ”  ^1^*1  ~  ^2^1  ^  (3.31) 
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=  a0M 12(1/^22^ 


1 


★ 

a2N 12,1 


(8^22) 


,2 


9 


a2 


a2 , 1 N 1 2  "  a2B/r22 
N21  +  al  ,2N11 


••  •• 

-  a-j (Q 1  /ri  2  +  P2  ^lu2  "  b2^2^ 

a2Ql  ,  1  =  "  a2 , 1 Q 1  '  (a2,lM12/a2)>2  '  B*2 

+  +  N12/r12  +  N  2  "S  ^  r2 1 

+  N22/r22  "  p 3  +  blU3)  +  aia2[Nll(kll 
+  Np2(61  +  Y2/rl l >  +  N21(62  +  Yl/r22) 

+  NP2(k22  +  Y2/r21)] 

a2Ml 1  , 1  =  •  a2,lMll  ’  {alM21)j2  '  31 »2M1 2  +  a2 , 
+  a  1  a 2 ( Q 1  “  mi  "*■  ^2U1  +  b3Bl^ 


As  shown  by  equations  (2.14),  it  is  permissible  to 
these  equations  that  =  Ng-j  and  =  ^21* 


(3.32) 

h  Yl/r12^ 

(3.33) 

1 M  2  2 

(3.34) 

assume  in 
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If  it  is  desired  to  eliminate  the  derivatives  of  the  cur¬ 
vature  terms  with  respect  to  from  equation  (3.9),  this  can 
be  achieved  by  means  of  the  Codazzi  formulas  in  the  form 


a2(  l/r22)  a1(l/r21)  +  a-|j2(1/r12  +  1/r21^ 

J  I 

+  a2,l^1/rll  "  1/r22^  (3.35a) 

a2 ( 1  / rl  2  ^  ,  =  a  1  ^ 1  / rl  1  ^  ,  '  a2 , 1  ^ 1  /rl  2  +  1/r21^ 

+  alj2^1/rll  "  1 / r22 ^  (3.35b) 


Then  the  only  derivative  of  the  shell  properties  with  respect 
to  5-j  appearing  in  these  equations  will  be  that  of  the  metric 
component  a2> 

3.  Shell  Of  Revolution 

The  geometric  shell  parameters  for  a  shell  whose  reference 
surface  in  the  unstressed  state  is  a  surface  of  revolution 
(see  Figure  3)  is  given  by 
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c1  =  ♦ 


al  -  % 


rll  "  % 


C2  =  6 


a2  =  r 


r2  =  r/sin<j> 


rl  2  =  r21  '  0 


where  R  is  the  radius  of  curvature  of  the  meridian,  <j>  is  the 
angle  between  the  normal  and  the  axis  of  symmetry,  and  r  is 
the  distance  from  the  axis  of  symmetry.  The  fundamental  equa¬ 
tions  for  a  shell  of  revolution  can  be  written  in  the  follow¬ 
ing  form: 

en  =  Q/r  +  u,cos<f>/r  +  w  sin<j>/r  (3.36) 

y g  =  u  /r  "  u0cos<j>/r  (3.37) 
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(3.38) 


B0  =  uQs i n<j>/r  -  w>Q/r 

ke  =  6e,e/r  *  V°5*/r 
{e  =  %,e/r  '  6ecos*/r 
w.s  *  V%  -  % 

x4  =  Ugd/R^  -  sin<j>/r)  cos<j>/r  -  WjS0/r 

+  w  Qcos<j>/r2 
>  0 

N3  =  %  "  C1 2e e  ‘  E1 2ke  "  H1 

N4  =  N$e  "  +  Jsin^/r)Y0  -  (J  +  Ksi n<t>/r) ( x4  +  60) 

M,  =  M,  -  E ,  „e .  -  D19k.  -  H, 

3  <p  12  0  12  0  3 

d2  =  F  +  2Jsin*/r  +  K(sin<fr/r)2 

d3  =  C11  '  Ell/Dll 


(3.39) 

(3.40) 

(3.41) 

(3.42) 

(3.43) 

(3.44) 

(3.45) 

(3.46) 

(3.47) 
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(3.48) 


%  =  (N3  '  EnM3/Dll^/d3 
k 4>  =  (M3  “  Ell%)/Dll 


u 


♦  »S 


-  w/R 


$ 


%,s  -  S 
ue,s  =  N4/d2 

Y<P  '  u0,s 

S  =  Vssin*/r  +  X4 

%0  "  J<Y*  +  Y0>  +  K(%  +  60) 

N0  =  C12%  +  C22e  0  +  E 1 2 k  <t>  +  E22k0  +  H2 

M0  =  E12%  +  E22e  0  +  D 1 2 k  4>  +  °22k  0  +  H4 
%e  =  -  M*0sin*/r 


(3.49) 

(3.50) 

(3.51 ) 

(3.52) 

(3.53) 

(3.54) 

(3.55) 

(3.56) 

(3.57) 

(3.58) 
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(3.59) 


^4  ~  %  M$e,e^r 


B  '  Ve/r  +  Vcos*/r  +  b2ue  *  b3Be  '  me 


%,s  ■  -  >Wr  +  (Ne  '  \>  cos+/'-  ’  VR* 


+  bi%  +  »2%  -  P* 


N*e  s  *  M^e(l/R^  ‘  s i n */ r )  cos*/r  -  N*  cos*/r 


-  Bs1n$/r  -  N6>0/r  -  Ni0cos*/r  +  bjU( 


+  b2Be  -  P9 


H*,s  =  "  Mtcos*/r  •  M*e,e^r  +  Mec“s*/r  +  Q, 


+  b2u*  +  b3$#  - 


Q;.s  *  -  V°s*'r  -  "♦e.e005*^2  -  B,e/r 


+  N./R.  +  N.sin<|>/r  +  b,w  -  p 

cp  <p  U  I 


+  N^k  +  N^k  +  2NP  t 

<P  <P  0  0  4>e 


(3.60) 


(3.61) 


(3.62) 


(3.63) 


(3.64) 
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where  t  has  been  defined  as 


T  =  6^  +  Ye/R^  *  60  +  sin^/r  (3.65) 

In  these  equations,  the  derivatives  with  respect  to  the 
arc  length,  s,  along  the  meridian  have  been  given.  The  con¬ 
version  to  a  derivative  with  respect  to  $  Is  achieved  by  the 
formula 


3/3S  *  ( 1/R . )  3/3* 
♦ 


(3.66) 


Also,  the  only  relevant  Codazzl  formula,  given  by  equation 
(3.35a),  In  the  form 


3r/3$ 


R  ^  cos  4> 
♦ 


(3.67) 


has  been  used  throughout  the  derivation.  The  normal  displace¬ 
ment  has  been  denoted  by  w  and  the  normal  surface  load  by  p. 

The  fundamental  equations  listed  In  this  section  define 
the  behavior  of  a  thin  shell  for  all  the  boundary  value  prob¬ 
lems  considered  In  this  report.  Now  we  shall  consider  a  method 
by  means  of  which  all  of  these  problems  can  be  solved. 
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IV.  REDUCTION  TO  ORDINARY  DIFFERENTIAL  EQUATIONS 
1 .  Statement  Of  Problem 

The  method  of  solution  used  In  the  analysis  Is  applicable 
to  boundary  value  problems  which  are  governed  In  a  two-dimen¬ 
sional  region  S,  defined  by  a-j  <  c-j  1  b^  and  -  ^2  -  b2*  by 
a  system  of  linear  differential  equations  stated  In  the  form 

2  2 

ay/ac-j  *  Ff^  ,e2,y  ,ay/3s2,3y/3s2,. . . )  (4.1) 

The  symbol  y  -  y(c-|»£2)  denotes  an  (m,l)  column  matrix  whose 
elements  are  m  unknown  dependent  variables,  and  F  denotes  m 
linear  functions  In  the  elements  of  y  and  their  derivatives 
with  respect  to  c2*  arranged  as  the  elements  of  a  column  matrix. 
In  this  formulation,  ^  Is  a  preferred  coordinate. 

The  method  of  solution  admits  general  boundary  conditions 
on  the  edges  of  the  region  S.  For  the  present  purpose.  It  will 
be  assumed  that  the  boundary  conditions  are  stated  In  the  form 


Tj ( c2 )y  ( a  ^ ,c2) 

■  u«({2> 

(4.2a) 

Tb( c2 )y ( bl *  ^2  ^ 

-  UbU2) 

(4.2b) 

y(t! »®2^ 

*  y ( ^1 *b2> 

(4.3) 
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The  elements  of  the  (m,m)  matrices,  Tfl  and  Tb>  are  specified 
by  the  statement  of  the  boundary  conditions  on  the  coordinate 
curves  ^  =  a^  and  ^  =  bi »  respectively,  and  ua,  ub  are  (m,l) 
column  matrices  which  contain  m/2  prescribed  elements.  As 
stated  by  equations  (4.2),  the  boundary  conditions  can  be  spec¬ 
ified  on  either  the  elements  of  y  or  on  their  linear  combina¬ 
tions,  but  not  on  their  derivatives.  The  last  condition,  equa¬ 
tion  (4.3),  Is  a  continuity  condition  of  the  elements  of  y  on 
the  coordinate  curves  *  *2  and  ?2  s  b2’  Tbe  reason  T°r  sucb 
a  continuity  condition  Is  that  for  the  cases  considered  In  this 
report,  the  c2  coordinate  curve  Is  a  closed  curve,  so  that  the 
curves  c2  =  *2  an(*  ^2  *  b2  co*nc*de. 

Before  presenting  the  actual  procedure  of  the  method  of 
analysis,  the  system  of  partial  differential  equations  must  be 
turned  Into  a  system  of  ordinary  differential  equations,  depend¬ 
ing  only  on  the  coordinate  c-j.  Two  different  possibilities  are 
discussed  below. 

2 .  Separable  Equations 

For  axisymmetric  shells,  which  have  a  straight  axis  of  sym¬ 
metry  for  its  geometric  and  physical  properties,  the  homogeneous 
system  of  equations  obtained  from  equation  (4.1)  Is  separable 
with  respect  to  the  ^  and  s2  coordinates.  Choosing  ^  as  The 
circumferential  coordinate  along  a  closed  latitude  circle  of 
the  shell,  the  elements  of  y  can  be  expressed  in  a  separable 
form  as  follows 


yUi.e2)  «  yn(^)Tn(c2) 


(4.4a 


where 


TnU2}  *  1 


cos  nc 


■1 


sin  nc2 


(4.4b 


with  the  meaning  that,  depending  on  the  particular  element  of 
y,  the  top  or  the  bottom  trigonometric  function  In  equation 
(4.4b)  Is  applicable.  If  the  nonhomogeneous  load  terms,  con¬ 
tained  In  equation  (4.1),  are  chosen  In  a  similarly  separable 
form,  l.e., 

b(  c-| ,  C2 )  *  bn(  ci  )Tn^2  ^  (4-5) 

then  the  -dependent  part  of  y  Is  governed  by  a  system  of  m 
linear  ordinary  differential  equations  which  can  be  written  as 

dyn(e1)/de1  *  FU1§yn)  +  bnUi)  (4-6) 

where  F  denotes  m  linear  functions  In  the  elements  of  y n ( c i )  > 
and  the  (m,1)  column  matrix,  bn,  contains  the  ^-dependent 
parts  of  the  load  terms.  Similarly,  the  prescribed  boundary 


conditions  are  chosen  In  a  separable  form  as 


ua<E: 


%nVE2> 


(4.7) 


“b<{2>  1  ub„Tn(«2> 


The  condition  given  by  equation  (4.3)  Is  automatically  satis¬ 
fied,  because  the  ^2~coor^^nate  curve  Is  a  closed  curve  and 
the  trigonometric  functions,  Tn ( ^ 2 )  *  are  Per”*0(*^c< 

The  case  when  the  homogeneous  equations  are  separable  Is 
the  simplest  one,  and,  for  each  value  of  n.  It  leads  to  the 
solution  of  boundary  value  problems  governed  by  a  system  of 
m  first-order,  ordinary  differential  equations,  as  given  by 
equation  (4.6).  If  the  loads  and  the  boundary  conditions  are 
expanded  In  a  Fourier  series  of  the  form 


f({VE2>  ■  I  fn(El>V£2> 
n=o 

then  the  problem  Is  solved  for  each  set  of  Fourier  coefficients, 
f n ( c 1 ) *  separately,  and  the  solution  Is  constructed  In  a  simi¬ 
lar  series,  given  by 
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(4.9) 


yU>’C2)  "  „L  y"Ul)Tn(!2) 

n=o 

The  Fourier  coefficients,  fn(e,),  can  be  either  b  (£,),  u  . 

n  i  n  *  9  n 

or  Uj)n,  and  they  produce  the  solution  y n ( e i ) . 

With  regard  to  the  boundary  value  problem  of  a  thin,  elastic 
shell  of  revolution,  the  governing  equations  are  separable  for 
the  linear  stress  analysis  problem  of  a  shell,  subjected  to 
arbitrary  loads,  and  for  the  f ree-vl bratlon  and  stability  prob¬ 
lems  with  axl symmetric  prestress.  For  the  first  case,  the  sur¬ 
face  loads  on  the  shell  must  be  expanded  In  a  Fourier  series  of 
the  form 


N 

pU.e)  «  l  [p^U)  COS  ne  +  p|JU)  sin  ne] 
n*o 


N 

P.U.e)  «  l  [p!  U)  cos  ne  +  p"  U)  sin  ne]  (4.10) 

♦  nan  ♦n 


N 

P0U.e)  -  I  CpJnU)  s1n  n0  +  PjnU)  cos  n0^ 


where  N  Is  selected  In  such  a  way  that  the  series  gives  an  ac¬ 
ceptable  representation  of  the  actual  loads.  The  solution  for 
the  fundamental  variables  Is  then  given  In  the  form 
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N 

wU.e)  *  l  [*„(♦)  cos  ne  ♦  wJU)  sin  ne] 
n=o 


Q*(  4> ,  e )  =  l  [Q'  (*)  cos  ne  +  Q"W)  sin  ne] 

*  n  =  A  *** 


N 

U.(|,fl)  =  I  [u'  U)  C0S  00  +  Sln  n0^ 

♦  n  =  n  ♦n  ♦n 


N 

N.U.e)  =  l  [N'  (♦)  cos  ne  +  N"  U)  sin  ne] 

$  nsg  9n  9n 

(4.11) 


N 

e.U.e)  =  l  Ce '  ( ♦)  cos  ne  +  s"U)  sin  ne] 


N 

M  u.e)  -  l  [M'  u)  cos  ne  +  M"  U)  sin  ne] 

♦  n  =  r>  ♦  n 


N 

u Q ( ♦ , e )  =  l  [u^U)  sin  ne  +  u£nU)  cos  ne] 


"♦eU’6>  "  n-o  ["*8"U)  Sl"  "9  +  N*e"U)  C0S  nl>:l 


The  boundary  value  problem  for  the  shell  of  revolution  Is 
solved  for  each  value  of  n  separately,  and  each  prescribed 
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primed  or  double-primed  component  of  the  load  produces  the 
primed  or  double-primed  components  of  the  solution.  The  gov¬ 
erning  equations  are  the  eight  first-order,  ordinary  differen¬ 
tial  equations,  obtained  from  the  fundamental  equations  of 
Section  HI,  after  making  use  of  the  solution  In  the  separable 
form  of  equations  (4.11)  and  setting  the  prestress  terms  equal 
to  zero. 


For  the  free-vlbratlon  and  stability  problems  with  axlsym- 
metrlc  prestress,  the  surface  and  edge  loads  are  zero,  but  the 
solution  Is  again  given  In  the  form  of  equations  (4.11).  Thus, 
the  governing  equations  are  given  by  the  same  system  of  eight 
first-order,  differential  equations  of  Section  III,  except  that 
now  the  prestress  terms,  appearing  In  equation  (3.64),  must  be 
retained  and  the  surface  loads  set  equal  to  zero.  For  the  sta¬ 
bility  problem,  the  Inertia  terms  are  set  equal  to  zero,  and 
by  varying  the  prestress  terms,  the  buckling  loads  are  found 
for  each  given  value  of  n.  For  a  free-vlbratlon  problem,  the 
prestress  terms  are  kept  constant,  and  by  varying  the  frequency, 
the  natural  frequencies  are  found  for  each  given  value  of  n. 


3.  Nonseoarable  Equations 


For  shells  of  revolution,  which  have  some  nonsymmetrlc 
shell  parameters,  such  as  thickness,  prestress,  material  prop¬ 
erties,  Imperfections,  etc.,  the  system  of  equations (4. 1 )  Is 
not  separable.  These  parameters  appear  as  two-dimensional  co¬ 
efficients  In  the  differential  equations,  and  a  separable  solu 
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tion  in  the  form  of  equations  (4.4)  is  no  longer  possible.  In 
order  to  reduce  eauation  (4.1)  to  a  system  of  first-order,  or¬ 
dinary  differential  equations,  some  procedure  must  be  used  for 
the  elimination  of  the  derivatives  with  respect  to  £2  on  the 
right  hand  side  of  equation  (4.1).  This  can  be  achieved  in 
various  ways.  A  Fourier  expansion  method  will  be  used  in  this 
report. 

Since  it  is  assumed  that  the  ?2  coordinate  curve  is  a  closed 
circle,  the  nonsymmetric  shell  parameters  must  be  periodic,  and 
they  can  be  expanded  in  Fourier  series  in  the  form 

P(5l-£2)  '  Pm(«l,Tn.(«2)  (♦•’2) 

m=o 


The  £.|  -dependent  coefficients,  Pm  ( c  )  >  are  given,  and  the  cor¬ 
responding  coefficients  of  the  solution,  yn(gj),  must  be  found. 
Unlike  the  case  when  all  the  parameters  are  axi symmetri c ,  it  is 
no  longer  true  that  one  Fourier  coefficient  in  the  load  param¬ 
eters  will  produce  one  Fourier  coefficient  in  the  solution, 
y n ( C i ) .  with  the  same  value  of  n.  Instead,  an  infinite  series 
for  an  exact  solution  is  in  general  needed  for  any  choice  of 
the  load  parameters.  Therefore,  to  solve  the  problem  exactly, 
an  infinite  number  of  differential  equations  containing  the  in¬ 
finite  number  of  unknowns,  y  Uj),  would  have  to  be  solved. 
Since  that  is  impossible,  one  way  to  solve  such  a  problem  is 
to  satisfy  equation  (4.1)  by  assuming  an  approximate  solution 
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of  the  form 


yUrc2)  =  I 

n  =  n  . 


ynUl)Tn(4) 


(4.13) 


The  indices,  ni  ,  where  i  =  1,2,. ..,k,  represent  a  selected  list 
of  .. ave  numbers,  and  in  general  they  need  be  neither  consecutive 
nor  start  with  n  =  0.  They  must  be  selected  by  the  user  of  the 
method  from  previous  experience. 

Substitution  of  such  an  approximate  solution,  given  by  equa¬ 
tion  (4.13),  into  equation  (4.1),  leads  to 


G  i  +  G  2  —  0 


(4.14) 


where 


6,  *  I  R„^l)T„(52)  <4-'5a> 

11  =  11  1 . I1|C 

RnU  1>  =  dyn(c1)/dc1  -  U-| )  »•  •  •  >yn  U^]  (4.15b) 

k 


and 


G2  = 


n/n 


1  ’ 


Sn[5l’yn.(5l) 
••'"k  ' 


,y „  (c, )]Tn(e2)  (4.15c) 
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The  group  of  terms  denoted  by  contain  the  trigonometric 
functions,  Tn ( ^2 ) *  those  values  of  n  which  are  on  the  list 

of  the  selected  wave  numbers,  while  Gg  contains  those  which  are 
not  on  the  list. 

If  the  solution  given  by  equation  (4.13)  were  exact,  It 
would  satisfy  equation  (4.14)  exactly.  Since  this  must  be  so 
for  any  value  of  ^2>  It  follows  that  for  an  exact  solution  we 
must  require  that 


Rn  *  0  for  n=n^,...,nk  (4.16a 

Sn  =  0  for  nj'nj  , . .  .  ,nk  (4.16b 


Noting  that  the  unknowns  in  equation  (4.14)  are  the  e-j-depen- 
dent  coefficients  of  the  solution,  which  are  k  In  number.  It 
is  concluded  that  equations  (4.16)  require  the  satisfaction  of 
more  equations  than  the  number  of  unknowns.  In  general,  this 
is  not  possible,  and  the  solution  as  given  by  equation  (4.13) 
can  satisfy  equation  (4.1)  only  approximately. 

The  method  for  arriving  at  a  reasonable  approximation  can 
be  borrowed  from  the  method  of  weighted  residuals  [7],  which 
requires  that  Instead  of  the  actual  equation  (4.1),  Its  Inte¬ 
gral  with  respect  to  multiplied  by  a  suitable  weighting 
function,  be  satisfied;  l.e.,  that 


3 


(4.17) 


b? 

r  CGt  +  G2]Wi(c2)dc2  =  0 
a, 

where  W^((2)  are  the  weighting  functions. 

The  easiest  choice  of  the  weighting  functions  for  our  case 
Is  to  use  the  same  trigonometric  functions,  T  (£2),  which  are 
selected  to  participate  In  the  solution  as  given  by  equation 
(4.13);  l.e.,  the  trigonometric  functions  with  indices  n  =  n^, 
n2,...,n^.  Because  the  Integrals  of  products  of  trigonometric 
functions  with  unequal  Indices  are  zero,  such  a  selection  of 
Wj(c2)  means  that  the  Integral  of  equation  (4.17)  containing 
G2  Is  zero,  and  that  then  equations  (4.15)  reduce  to 

b2 

r  C  I  RnUl)TnU2)]T1U2)<U2  =  0  (4.18) 

where  1  *  n^,...,nk.  Equation  (4.18)  represents  k  equations 
containing  k  unknowns,  yn(Cj),  and  It  can  be  solved. 

When  the  Integration  with  respect  to  c2  in  equation  (4.18) 
Is  carried  out,  only  the  terms  with  n  =  i  remain,  and,  after 
omitting  factors  which  arise  from  the  Integration,  equation 
(4.18)  reduces  to 


Rn(*i) 


(4.19) 
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where  n  =  n^,...,nk.  Thus,  the  method  of  weighted  residuals 
has  shown  that  the  solution  can  be  represented  by  equation 
(4.13),  when  the  ^-dependent  coefficients,  y  (Cj),  are  found 
from  equation  (4.19).  The  error  In  the  solution  comes  from  the 
fact  that  equation  (4.16b)  is  not  satisfied. 

This  discussion  has  given  a  general  approach  for  the  anal¬ 
ysis  of  shells  of  revolution  with  some  nonsymmetrlc  parameters. 
For  the  sh-ell  analysis  considered  in  this  report,  the  nonsepa- 
rable  case  arises  for  the  free  vibration  and  stability  problems 
with  a  nonsymmetric  prestress.  Then  the  prestress  terms,  N?, 

,  and  n£,  occurring  In  equation  (3.64),  are  dependent  on  e 
and  the  solution  is  not  separable. 

Regarding  the  stability  of  a  shell  of  revolution.  It  Is  Im¬ 
portant  to  investigate  the  character  of  the  Instability  that 
nonsymmetric  prestress  loads  can  produce.  If  the  prestress  loads 
are  assumed  expanded  in  a  Fourier  series  In  the  form  given  by 
equation  (4.12),  let  us  consider  the  character  of  the  Instabil¬ 
ity  produced  by  the  separate  terms  of  the  series.  A  special 
case  arises  for  the  Fourier  harmonic  with  m  =  1.  In  this  case, 
there  is  a  resultant  couple  produced  by  the  stress  resultants 
on  a  latitude  circle  of  the  shell,  and  therefore  this  problem 
can  be  called  the  "bending"  problem  of  a  shell  of  revolution. 

The  stability  analyses  for  the  bending  of  cylindrical  and  con¬ 
ical  shells  have  been  successfully  carried  out  in  the  past. 
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The  stability  problem  of  a  shell  of  revolution  subjected 
to  prestress  loads  which  are  represented  by  a  Fourier  harmonic 
with  m>2  seems  to  be  In  a  different  category.  Not  a  single 
published  theoretical  or  experimental  Investigation  Is  known 
to  the  author  which  deals  with  such  prestress  loads.  Moreover, 
as  the  following  arguments  will  show,  the  prestressed  state 
with  m>_2  leads  to  a  state  of  the  shell  which  Is  quite  different 
from  that  with  m  =  0  or  m  =  1,  as  far  as  the  buckling  of  a  shell 
Is  concerned. 

Consider,  for  example,  a  shell  of  revolution  with  some  pre¬ 
stress  loads  given  by  one  Fourier  harmonic  with  m>2.  Then  the 
membrane  stress  resultants  of  the  prestressed  state  obtained  by 
a  linear  theory  will  have  the  form 


*  N?m($)  cosme  (4.20) 

With  such  a  circumferential  variation,  positive  and  negative 
signs  jf  the  stress  field  will  alternate  along  meridional  strips 
(Figure  5),  having  the  width  of  the  circumference  divided  by 
2m.  Thus,  any  buckling  that  could  occur  would  be  confined  to 
those  strips  which  are  In  compression,  while  the  ones  In  tension 
would  be  stretched.  Moreover,  for  m>2,  the  resultant  force  and 
couple  of  all  the  stress  resultants  on  a  latitude  circle  of  a 
shell  of  revolution  are  zero,  so  that  no  force  or  couple  Is 
directly  transmitted  along  the  meridian  In  the  way  that  It  Is 
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transmitted  for  prestress  loads  with  m  =  0  or  m  =  1. 

To  illustrate  the  "transmission"  of  the  resultant  force 
and  couple  along  the  meridian,  consider  a  cylindrical  shell  sub¬ 
jected  to  an  edge  load  in  the  form  of  equation  (4.20).  For  the 
wave  numbers  m  =  0  or  m  =  1  ,  the  Fourier  coefficient  of  the  mem¬ 
brane  stress,  N^m,  does  not  decay  when  going  along  the  generator 
away  from  the  edge,  but  stays  approximately  constant.  The  re¬ 
sultant  force  and  couple  on  every  latitude  circle  remains  con¬ 
stant,  regardless  of  the  length  of  the  shell.  For  m^2,  however, 
since  the  resultant  force  and  couple  of  the  applied  edge  load 
are  zero,  it  follows  from  St.  Venant's  principle  that  must 
decay  when  going  away  from  the  loaded  edge,  and  that  the  char¬ 
acteristic  decay  length  equals  the  diameter  of  the  latitude 
circle.  Therefore,  for  m >2 ,  the  effect  of  the  applied  load  Is 
felt  only  near  the  edge  and  does  not  affect  the  whole  shell. 

The  preceding  arguments  are  being  advanced  for  the  purpose 
of  justifying  the  admission  of  only  one  Fourier  component  of  the 
prestressed  state  at  one  time.  Our  hypothesis  Is  that  even 
though  a  nonsymmetric  prestress  load  may  have  to  be  expanded  In 
a  Fourier  series  with  many  terms,  the  components  which  will 
affect  the  stability  of  the  whole  will  be  those  with  wave  num¬ 
bers  m  =  0  and  m  =  1.  Therefore,  we  see  no  point  In  complicat¬ 
ing  the  analysis  at  this  time  by  the  inclusion  of  more  nonsym¬ 
metric  Fourier  components  but  one.  We  are,  however,  going  to 
admit  arbitrary  values  of  m,  so  that  the  character  of  the  in- 
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stability  produced  by  prestress  loads  with  m>2  can  also  be  ex¬ 
plored. 

If  the  prestress  loads  are  represented  by  one  Fourier  com¬ 
ponent  with  any  m,  then  the  membrane  stress  resultants  of  the 
prestressed  state,  occurring  In  equations  (3.64),  are  given  by 


NjU.e)  *  N$mU)  cosme 


N||U,9)  =  cosme 


(4.20) 


N*e(*>9)  =  "%»<♦>  sinme 

The  superimposed  state  can  then  have  either  the  same  plane 
of  symmetry,  in  which  case  the  superimposed  variables  in  the 
stability  terms  of  equations  (3.64)  are  given  by 


k^U.e)  ■  l  k(J)n(  <p)  cosne 

k0U.e)  =  l  kenU)  cosne  (4.21 ) 


t ( * , e )  =  l  t  U)  slnne 
n 
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or  anti -symmetry ,  in  which  case  they  will  be  given  by 

k^U.e)  =  l  k^U)  sinne 

k.U.e)  =  l  knn( «)> )  sinne  (4.22) 

n 

x ( (ji , 0 )  =  l  x  ( <j> )  cosne 
n  n 

The  series  in  equations  (4.21)  and  (4.22)  are  to  be  summed  over 
the  same  list  of  wave  numbers  that  is  used  in  equation  (4.13). 

For  the  symmetric  superimposed  state,  the  stability  terms 
of  equations  (3.64)  will  have  the  form 


F3  "  I  +  N?mken>  cosm8  cosn8 

+  2N^  t  sinme  sinne] 
ij)0m  n 


Using  the  identities 


2  cosme  cosne  =  cos(n-m)e.+  cos(n+m)e 


2  sinme  sinne  =  cos(n-m)e  -  cos(n+m)e 


(4.23) 


(4.24) 
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equation  (4.23)  can  be  written  as 


2F3  *  £  [fncos(n-m)e  +  gncos(n+m)e] 
n 


(4.25) 


where 


rP  k 

4>m  <*>n 


rP  k 
em  en 


2N*emTn 


(4.26) 


=  N*5  k 

$n 


N^m kfir 
em  en 


2NP  t 
<j)  0  m  n 


For  an  antisymmetric  superimposed  state,  the  stability  terms 
have  the  form 


Fn  -  l  [(Njk  +  N J  k  )  cosme  sinne 
0  "  $n  em  en 

+  2N?0  slnme  cosne] 

40m  n 

and  with  the  use  of 


(4.27) 
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2  cosme  sinne  =  s1n(n+m)  +  sln(n-m) 


(4.28) 


2  sinme  cosne  =  sin(n+m)  -  sin(n-m) 


we  get  that 


2^3  =  l  [fnsin(n-m)e  +  g  sin(n+m)e] 
n  n 


(4.29) 


where 


f  =  Np  k 
n  <j>m  %n 


Nemken  "  2N5emTn 


(4.30) 


q  =  Np  k  + 
an  <f>m  %n 


Npk  + 
em  en 


2N*«mTn 


Let  us  now  rewrite  equation  (4.25)  in  the  form 


L  m  fn'+mcosn'e  +  ,1 

=  n-m  n ' = 


n  =n+m 


V-mcosn'e 


(4.31) 
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As  stated  by  equation  (4.19),  the  procedure  calls  for  the  re¬ 
tention  of  only  those  Fourier  components  of  the  series  of  equa¬ 
tion  (4.31)  which  are  on  the  list  of  n^,...,nk,  and  the  neglect 
of  any  other  terms.  With  this  approximation,  equation  (4.31) 
can  be  written  as 


2F3  -  I  (fn+m  +  W  cos"8  (4-32) 

where  n  =  n ^ , . . .  ,nk . 

Since  In  the  solution  those  terms  which  are  not  on  the  list 
of  the  selected  wave  numbers  are  zero,  then  It  follows  from 
equation  (4.32)  that  only  those  wave  numbers  on  the  list  which 
are  multiples  of  m  will  contribute  to  the  stability  terms. 

This  makes  sense  In  view  of  our  preceding  argument  that  buckling 
can  only  occur  In  Isolated  strips  having  the  width  of  the  cir¬ 
cumference  divided  by  2m.  If  the  superimposed  state  Is  to  be 
limited  to  such  strips,  It  should  consist  of  a  list  of  selected 
wave  numbers  which  could  Include  m  and  contain  only  higher  mul¬ 
tiples  of  m. 

We  now  have  arrived  at  some  procedure  for  the  selection  of 
the  list  of  wave  numbers  which  can  be  used  In  the  solution. 
Unless  our  future  experience  will  prove  otherwise,  for  the  sta¬ 
bility  analysis  with  nonsymmetrlc  prestress  covered  In  this  re¬ 
port,  we  shall  select  the  list  as  follows 
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n  =  jm 


(4.33) 


where  j  =  i-|,...,ik  and  represents  consecutive  integers,  not 
necessarily  starting  with  i -|  =  1,  and  k  denotes  the  number  of 
components  used  in  the  solution.  Then  the  stability  terms  which 
must  be  used  in  equations  (3.64)  can  finally  be  written  as 


F 


3 


cos jme 
s i n jme 


where  j  =  i^ . i  k ,  and 


(4.34) 


hjm  "  %m  ^k<j>(j  +  l)m  +  k<|>( j-1  )m^2 
+  Nem  ^ke(j  +  l)m  +  ke(j-l)m^2 

±  N em  ^T(j  +  l)m  "  T(j-l)m^  (4.35) 


The  upper  trigonometric  function  in  equation  (4.34)  and  the 
upper  algebraic  sign  in  equation  (4.35)  refer  to  the  symmetric 
superimposed  state,  while  the  lower  function  and  sign  refer  to 
the  antisymmetric  state. 
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It  should  be  clear  from  this  analysis,  that  the  selected 
Fourier  components  of  the  superimposed  state  are  coupled,  be¬ 
cause  the  indices  are  shifted  up  and  down  in  equation  (4.35). 
Therefore,  the  system  of  first-order,  ordinary  differential 
equations,  defined  by  equation  (4.15b),  consists  of  8k  equations 
and  8k  unknowns. 


The  actual  calculation  of  the  derivatives  of  the  8k  unknowns 
can  be  carried  out  as  follows.  First,  using  the  fundamental 
equations  of  Section  III  with  the  prestress  terms  omitted,  the 
derivatives  of  each  of  the  fundamental  variables,  denoted  by 
yjm(*)»  are  calculated,  in  succession  for  j  =  i^,...,ik,  and 
the  results  are  stored  in  a  two-dimensional  array.  During  this 
calculation  the  values  of  k..  ,  k„.  ,  and  x  .  are  also  found 
and  stored  in  three  one-dimensional  arrays.  Then,  the  deriv¬ 


ative  of  is  augmented  by  the  stability  terms  h^,  given  for 
each  value  of  j  by  equation  (4.35).  This  procedure  will  give 
the  proper  derivatives  for  all  the  8k  unknowns. 


The  case  of  the  nonseparable  solutions  also  arises  in  the 
free-vi brati on  problem  with  a  nonsymmetric  prestress.  The  anal¬ 
ysis  Is  identical  to  that  of  the  stability  analysis,  except  that 
the  Inertia  terms  appearing  in  the  fundamental  equations  must 
be  Included. 
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V.  SOLUTION  OF  BOUNDARY  VALUE  PROBLEMS 


1 .  Reduction  To  Initial  Value  Problems 

As  shown  In  the  preceding  section,  the  system  of  partial 
differential  equations  of  shell  theory  can  be  reduced  In  various 
ways  to  a  system  of  first-order,  ordinary  differential  equations 
which  can  be  written  In  the  form 


dy(x)/dx  =  F(x,y)  +  b(x) 


(5.1) 


where  y(x)  Is  an  (m,l)  column  matrix  which  contains  m  unknown 
dependent  variables;  F  denotes  m  linear  functlonsof  the  elements 
of  y,  arranged  In  a  column  matrix  form;  b(x)  Is  an  (m,l)  column 
matrix  which  contains  the  nonhomogeneous  load  terms;  and  x  Is 
the  Independent  variable.  The  solution  of  the  boundary  value 
problem  Is  governed  by  equation  (5.1)  In  the  Interval  a<x<b , 
and  at  the  ends  of  the  Interval  It  must  satisfy  the  following 
boundary  conditions 


V(,)  ■  “a 


(5.2) 


Tby(t>)  ■  «b 
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The  elements  of  the  (m,m)  matrices,  Ta  and  Tb,  are  specified  by 
the  boundary  conditions,  and  m/2  elements  of  each  of  u&  and  ub 
are  the  prescribed  quantities  on  the  boundaries.  Equations 

(5.1)  and  (5.2)  represent  a  two-point  boundary  value  problem, 
for  which  the  solution  will  be  found. 

Since  equation  (5.1)  consists  of  a  system  of  linear,  ordi¬ 
nary  differential  equations,  its  solution  can  be  written  as 

y(x)  «  W(x)c  +  d(x)  (5.3) 

where  W(x)  Is  an  (m,m)  matrix  whose  columns  are  m  independent 
solutions  of  the  homogeneous  equations  obtained  from  equation 

(5.1) ;  c  Is  an  (m,l)  column  matrix  whose  elements  are  arbitrary 
constants;  and  d(x)  Is  an  (m,l)  column  matrix  which  represents 

a  particular  solution  of  equation  (5.1). 

Evaluation  of  equation  (5.3)  at  x  =  a  and  the  solution  for 
c  leads  to 

c  =  W"1 (a)y(a)  -  W_1(a)d(a)  (5.4) 

Substituting  c  Into  equation  (5.3),  gives 

y(x)  -  Y(x)y(a)  +  z(x)  (5.5) 
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where 


Y(x)  =  W(x)W-1(a) 


z(x)  =  d ( x )  -  W ( x ) W ” ^ (a)d(a) 


(5.6) 


It  should  be  noted  that  if  the  columns  of  W(x)  are  homo¬ 
geneous  solutions  of  equation  (5.1),  then  the  columns  of  Y(x) 
are  linear  combinations  of  W(x)  and  therefore  also  homogeneous 
solutions  of  equation  (5.1).  Similarly,  z(x)  is  a  particular 
solution  of  equation  (5.1).  Thus,  the  columns  of  Y(x),  denoted 
by  Yn(x) ,  satisfy 

dYn(x)/dx  =  F(x,Yn)  (5.7a) 

where  n  =  1 ,2 .... ,m,  and 

dz(x)/dx  =  F(x,z)  +  b ( x )  (5.7b) 

The  Initial  values  for  Yn(x)  and  z(x)  at  x  =  a  are  obtained  from 
equations  (5.6)  as 
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Mh 


f  ■  utiai*  *■***■  nlil 


Y(a)  -  I 


(5.8) 


z(a)  =  0 

where  I  Is  an  (m,m)  unit  matrix. 

The  solution  of  equation  (5.1)  In  the  whole  Interval  a^x^b 
Is  formally  given  by  equation  (5.5),  where  Y ( x )  and  z(x)  are 
obtained  from  the  m+1  solutions  of  the  Initial  value  problems 
defined  by  equations  (5.7)  and  (5.8).  In  order  to  make  such  a 
solution  also  satisfy  the  prescribed  boundary  conditions,  as 
given  by  equations  (5.2),  the  following  procedure  Is  used. 

Evaluation  of  equation  (5.5)  at  x  -  b  leads  to 


y(b)  »  Y(b)y(a)  +  z(b) 


(5.9) 


Premultlpllcatlon  of  equation  (5.9)  by  Tb  and  the  use  of  equa¬ 
tions  (5.2)  to  eliminate  y(a)  and  y(b),  gives 

ub  -  U(b)ua  +  g(b)  (5.10) 


where 
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U  ( b )  =  VO))^1 


g(b)  =  Tbz(b) 

By  definition,  the  column  matrices  ua  and  each  contain 
m/2  known  elements,  which  are  the  prescribed  variables  at  each 
end  of  the  interval.  It  is  convenient  to  arrange  the  rows  of 
the  given  boundary  condition  matrices,  Ta  and  T^,  In  such  a  way 
that  the  prescribed  elements  of  u.  appear  as  the  first  m/2  ele- 

u 

ments  and  the  prescribed  elements  of  u^  are  the  last  m/2  ele¬ 
ments.  Such  an  arrangement  permits  the  partitioning  of  equation 
(5.10)  in  the  form 


(5.11) 


which  can  be  written  as 


=  U](b)ual  +  U2(b)ua2  +  g  -|  ( b ) 

(5.12a) 

=  U3(b)ual  +  U4(b)ua2  +  g2(b) 

(5.12b) 

ubl 

U -j  ( b )  j  U2(b) 

ual 

4. 

9!  (b) 

ub2 

U,(b)  ]  U,(b) 

L  I  J 

ua2 

i 

92(b) 
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Since  u^2  and  are  known,  equation  (5.12b)  can  be  used  to 
find  ua2  In  the  form 


ua2  =  Eu4(b)]"1[ub2  -  U30>)ual  -  g2(b)]  (5.13) 

| 

Having  found  the  unprescribed  variables  at  x  =  a,  the  elements 
of  y  which  appear  In  equation  (5.1)  are  given  at  x  -  a  by 


y(a)  =  t;1 


ual 

ua2 


(5.14) 


Now  the  solution  y(x)  can  be  obtained  at  any  desired  output 
point  within  the  Interval  a<x<b  by  one  more  Initial  value  in¬ 
tegration  of  equation  (5.1),  with  the  initial  values  given  by 
equation  (5.14).  Such  an  integration  must  give  at  x  =  b  a 
solution  which  satisfies  the  boundary  conditions  at  x  =  b 
exactly.  The  boundary  value  problem  defined  by  equations  (5.1) 
and  (5.2)  can  then  be  regarded  as  formally  solved. 

A  similar  procedure  can  be  employed  for  the  solution  of 
eigenvalue  problems,  for  which  In  equation  (5.1)  the  functions 
F  depend  also  on  a  parameter,  say  u,  and  for  which  b(x)  =  0 
and  the  boundary  conditions  are  homogeneous,  i.e.,  ua-|  =  ub2  =  0. 
Then,  the  solution  matrices  Y  and  U  depend  on  u>,  and  equation 
(5.12b)  can  be  written  as 
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U4U,b)ua2  = 


0 


(5.15) 


A  nontrivial  solution  for  ua2  is  possible  If  the  (m/2, m/2) 
matrix  U4(w,b)  Is  such  that 

det[U4U,b)]  =  0  (5.16) 

Equation  (5.16)  is  then  the  characteristic  equation  of  the  eigen¬ 
value  problem,  and  the  particular  value  of  o>  which  satisfies 
equation  (5.16)  is  an  eigenvalue.  Once  an  eigenvalue  is  found, 
the  corresponding  eigenvector,  ua2,  is  obtained  from 

ua2  =  d(-l)i+1det[Mi]  (5.17) 

where  ua2  denotes  the  1-t.h  element  of  ua2,  d  Is  an  arbitrary 
constant,  and  is  an  (m/2-1 , m/2-1 )  matrix  obtained  from 
U4(u,b)  after  deleting  any  one  row  and  then.  In  succession,  the 
i-th  column. 

Once  the  unprescribed  elements  of  ufl2  are  determined  from 
equation  (5.17),  the  solution,  corresponding  to  the  eigenvalue 
which  satisfies  equation  (5.16),  can  again  be  obtained  by  first 
using  equation  (5.14)  and  then  performing  one  Initial  value  in¬ 
tegration  from  x  =  a  to  x  =  b. 
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While  this  method  of  solution  Is  sound  In  principle.  It 
Is  not  so  In  practice.  If  any  required  number  of  significant 
digits  were  kept  In  all  Initial  value  Integrations,  matrix  In¬ 
versions  and  multiplications,  then  the  method  would  give  a  cor¬ 
rect  solution  for  any  size  of  the  interval  a<x<b.  However,  if 
only  a  fixed  number  of  significant  digits,  such  as  seven  or 
eight,  Is  used  In  the  calculation,  the  solution  loses  all  ac¬ 
curacy  beyond  a  certain  critical  length  of  the  interval. 

The  Inevitable  loss  of  accuracy  Inherent  In  this  method  Is 
not  caused  by  errors  Introduced  through  the  numerical  integra¬ 
tion  of  the  Initial  value  problems,  but  It  results  from  the 
subtraction  of  numbers  whose  significant  digits  are  Identical. 
For  example.  If  seven  digits  are  used  for  each  number,  and  If 
at  any  point  during  the  calculation  two  numbers  with  four  iden¬ 
tical  significant  digits  are  subtracted,  then  the  accuracy  of 
subsequent  calculations  Involving  these  numbers  Is  at  most  three 
significant  digits. 

In  particular,  such  accuracy  loss  occurs  In  equation  (5.9). 
It  can  be  Illustrated  by  the  following  example.  When  the  method 
Is  applied  to  a  cylindrical  shell,  the  homogeneous  solutions 
which  make  up  the  columns  of  Y  are  known  to  be  linear  comblna- 

a  v  ,  av 

tlons  of  e  and  e  .  As  x  Is  Increased,  the  columns  of  Y  in- 
crease  In  magnitude  as  e  .  Consider,  for  example,  the  axisym- 
metrlc  case  when  the  deformation  of  the  shell  Is  caused  by  some 
prescribed  edge  condition  at  x  =  a,  say  by  Mx ( a )  =  1  and  Nx ( a ) 

*  Q ( a )  *  0.  As  the  distance  from  the  loaded  end  Is  Increased, 
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the  solution,  according  to  St.  Venant's  principle,  Is  supposed 
to  decay.  The  terms  of  equation  (5.9),  then,  have  the  following 
magnitude  as  x  Is  Increased:  (1)  y(a)  stays  about  the  same; 

(2)  Y(b)  Increases  as  ex;  (3)  y ( b )  decreases.  It  Is  obvious 
that  for  a  sufficiently  long  shell  all  the  significant  digits 
of  the  matrix  product  Y(b)y( a)  will  have  to  be  subtracted  out 
to  obtain  smaller  and  smaller  elements  of  y(b).  This  accuracy 
loss  is  not  limited  to  self-equilibrated  load  systems,  but  occurs 
also  even  in  the  cases  when  the  solution  does  not  decay,  simply 
because  initial  value  solutions  of  the  differential  equations  of 
a  shell  of  revolution  grow  exponentially. 

A  convenient  length  factor,  borrowed  from  the  solution  of 
a  cylindrical  shell,  which  can  be  used  for  a  rough  estimate  for 
the  critical  length  of  a  shell  of  revolution,  Is  given  by 

B  =  L/(Rh)1/2  (5.18) 

where  L  is  the  length  of  the  meridian  of  the  shell,  R  Is  a 
minimum  radius  of  curvature,  and  h  is  some  characteristic  thick¬ 
ness.  If  the  solutions  of  the  Initial  value  problems,  defined 
by  equations  (5.7)  and  (5.8)  are  obtained  with  a  six-digit  ac¬ 
curacy,  then  the  foregoing  procedure  gives  good  results  In  the 
range  b<2.  For  practical  purposes,  however,  this  restriction 
limits  the  method  to  rather  short  shells.  The  way  out  of  this 
dilemma  Is  to  use  the  multisegment  method,  given  In  the  follow- 
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1 n g  section,  which  has  been  developed  In  References  [1]  and 

[2]. 


2.  Mul tl segment  Method 

The  loss  of  accuracy  of  the  solution  can  be  avoided  If  the 
Initial  value  problems  of  the  preceding  section  are  defined  over 
sufficiently  short  segments  of  the  total  interval  a<x<b.  The 
length  factor  B  for  each  of  the  segments  should  be  approximately 
one.  This  multisegment  technique  can  be  used  for  the  analysis 
of  shells  of  revolution  with  any  meridional  length. 

Let  the  shell  be  divided  into  M  segments,  denoted  by  S^, 
where  1  =  1,2,...,M.  The  coordinates  of  the  ends  of  the  seg¬ 
ments  are  denoted  by  x..  .  The  left-hand  edge  of  the  shell  is  at 
x  =  x-j  and  the  right-hand  edge  at  x  =  x^+^,  as  shown  in  Figure 
4.  In  analogy  to  equation  (5.5)  of  the  preceding  section,  the 
solution  within  each  segment  Is  given  by 


y  ( x )  =  Yi(x)y(xi)  +  z^x) 


(5.19) 


where  Y^(x)  and  z^(x)  denote  the  matrices  correspondl ng  to  Y(x) 
and  z(x),  but  pertaining  to  the  segment  S.,  .  The  key  point  In 
the  multisegment  technique  Is  that  for  the  calculation  of  z^(x) 
and  the  columns  of  Y^(x)  the  Initial  values  are  reset  at  the 
beginning  of  each  segment.  This  procedure  limits  the  growth  of 
the  solution  to  acceptable  magnitudes,  and  the  result  Is  that 
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Figure  4.  Shell  SegeeMi. 


It 


the  accuracy  of  the  solution  can  be  maintained  for  long  shells. 


Thus,  the  Initial  value  problems,  correspondl ng  to  equa¬ 
tions  (5.7)  and  (5.8),  are  now  defined  within  the  Interval 

*i<*<*M  *>y 


dY|(x)/dx  ■  F(x,Y1) 


dz1 (x)/dx  ■  F(x,zi )  ♦  b(x) 


(5.20) 


where 


Yi(xi ) 


^(xj)  ■  0 


(5.21) 


Requiring  the  continuity  of  all  elements  of  y(x)  at  the 
Inside  boundaries  of  all  segments,  the  following  continuity  re¬ 
lations  are  obtained  from  equation  (5.19) 


y(x1  +  ])  »  Y1(xi  +  1)y(x1 )  +  zi < xi  +  i > 


(5.22) 
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where  i  =  1,2,. ...M.  It  must  be  kept  in  mind,  however,  that  at 
some  points  along  the  shell  the  variables  contained  in  y  may  not 
be  continuous.  This  is  the  case  whenever  the  normal  of  the  ref¬ 
erence  su-face  of  the  shell  changes  di scontinuously ,  which  hap¬ 
pens,  for  example,  at  the  juncture  of  a  cylindrical  and  a  45° 
conical  shell.  In  such  cases,  the  end  of  a  segment  should  be 
placed  at  the  point  of  the  discontinuous  solution,  and  the  vari¬ 
ables  of  y  transformed  to  new  ones,  which  must  be  continuous. 

For  example,  if  the  point  of  the  discontinuous  solution  is 
placed  at  the  end  of  the  fourth  segment ,  as  shown  in  Figure  5t 
then  the  affected  continuity  equations  are 


y ' ( x5 )  =  Y4(x5)y(x4)  +  z4(x5) 

(5.23) 

y(x6)  =  Y5(xg)y"(x5)  +  z5(xg) 

The  variables  given  by  y'(xg)  belong  to  the  cylindrical  shell, 
while  those  of  y"(xg)  belong  the  the  conical  shell,  and  at  the 
junction,  x  =  xg,  they  will  not  be  the  same. 

What  must  be  the  same,  however,  are  the  displacements  and 
forces  at  x  =  x5  along  two  fixed  directions,  such  as  the  per¬ 
pendicular  and  parallel  directions  with  respect  to  the  axis  of 
symmetry.  Thus,  the  variables  y ’ ( x 5 )  and  y"(xg)  must  be  trans- 
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formed  to  new  ones,  u(xg),  by  means  of 


u(x5)  *  '  ( x5 )  «  T2y"(x5) 


(5.24) 


The  (m,m)  transformation  matrices,  T1  and  T2,  are  rotation 
matrices  which  transform  the  displacements  and  forces,  contained 
In  y,  to  those  along  two  fixed  directions.  Using  equations 
(5.24)  In  (5.23),  we  get  that 


u(x5)  ■  T1Y4(x5)y(x4)  +  T] z4( x5) 

y^X6^  =  Y5^X6^T21 u^x5^  +  z5^x6^ 


(5.25) 


It  Is  seen  from  equations  (5.25)  that  If  a  discontinuity  In 
the  solution  occurs  at  x  =  x j ,  then  In  the  preceding  segment, 
Sj_j,  we  must  replace  the  Initial  value  solutions  by  the  rule 


TlYj-l(xj)  "■  Yj-l(xj) 


(5.26) 


Tlzj-l(xj)  ■**  Yj-l(xj* 
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and  In  the  segment  Sj  by 

VXJ*1,T'2'  *  V\M>  (5-27) 

A  similar  transformation  must  be  applied  at  the  two  out¬ 
side  boundaries  of  the  shell,  l.e.,  at  x  =  and  x  =  xM+^. 

Let  us  assume  that,  as  In  the  preceding  section,  the  boundary 
conditions  are  given  by 

V(xl>  "  “a 

(5.28) 

V(XM+1>  "  ub 

where  the  first  m/2  elements  of  ua  and  the  last  m/2  elements 

a 

of  u^  are  prescribed.  Then,  In  analogy  to  equations  (5.26)  and 
(5.27),  the  Initial  value  solutions  In  the  first  segment  must 
be  replaced  by  the  rule 

Yl(x2)Ta1  Y1(x2)  (5.29) 

and  those  of  the  last  segment  by 
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(5.30) 


TbYM*xM+l)  "■  VXM+1) 

TbzM^ XM+1  ^  ZM^XH+1^ 

The  replacement  of  the  Initial  value  solution  matrices  at 
the  outside  boundaries  and  at  the  points  of  discontinuous  solu¬ 
tions  Is  carried  out  easily  by  performing  the  matrix  multipli¬ 
cations  given  by  equations  (5.26)  to  (5.30),  after  the  Initial 
value  solutions  have  been  obtained  within  each  segment  using 
the  regular  elements  of  y.  After  such  a  replacement  Is  car¬ 
ried  out,  the  continuity  equation  (5.22)  can  be  left  In  the 
same  form.  If  It  Is  understood  that  the  symbol  y  at  the  ends  of 
the  shell  and  at  the  points  of  a  discontinuous  solution  really 
denote  the  transformed  variables,  ufl,  u^ ,  and  u(Xj),  as  defined 
by  equations  (5.28)  and  (5.24),  respectively. 

The  continuity  equations  can  be  rewritten  as  a  partitioned 
matrix  product  In  the  form 
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(5.31) 


\ 


which  can  be  written  as 

Yi ( xi+i )y i ^ xi )  +  Yi ^xi+i ^y2^xi )  ■  yi^xi+i^  ■  ■  zl^xi+i^ 

(5.32) 

Y1 ( x1+l )yl (X1 )  +  Y1 ^x1+l ^y2^x1 )  "  y2^x1+l^  "  "  z1^x1+l^ 


The  reason  for  the  partitioning  Is  the  need  to  separate 

the  known  from  the  unknown  elements  In  y  at  the  boundaries  of 

the  shell.  Recalling  that  y(x^)  and  y(x^+-j)  are  really  the 

transformed  matrices  u.  and  uk,  and  that  the  transformation 

a  b 

matrices  Tm  and  T.  are  chosen  such  that  the  first  m/2  elements 
a  d 

of  u#  and  the  last  m/2  elements  of  ub  are  prescribed.  It  fol¬ 
lows  that  y-|(x-|)  and  y 2 ( XM+ 1 )  aPPear^n9  *n  equations  (5.32)  are 
known.  Thus,  the  2M  linear,  algebraic  equations  (5.32)  contain 
exactly  2M  unknowns:  y -|  ( x^ ) ,  with  1  *  2,3,...,  M+l,  and  y2(x^)» 
with  1  =  1,2,...,M.  These  unknowns  are  (m/2,1)  matrices  and 
the  coefficients  are  (m/2, m/2)  matrices.  However,  by  following 
the  usual  rules  of  matrix  algebra,  the  solution  of  equations 

(5.32)  can  be  obtained  In  the  same  way  as  If  the  unknowns  and 
coefficients  were  scalars. 

The  solution  of  equations  (5.32)  can  be  obtained  by  means  of 
the  Gaussian  elimination  technique.  For  this  purpose,  equations 

(5.32)  are  written  as 
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YJ  -I  0  0  0 


Y-j  0  -I  0  0 

o  y2  y2  -i  o 

0  y|  Yg  o  -I 

0  0  0  Vi  yM 

0  o  0  Yj> 


2 ^ X 1  ^  ~  -  Y^i  (x1 ) 


y1(x2) 

y2(x2) 

y i ^  xm^ 
y 2( xm  ) 


zi  ■  Y?yi(xi) 


(5.33) 


ZM  +  y2^xM+l^ 


where,  for  brevity,  In  place  of  Yj(xf  +  -|)  and  (x^  +  -j )  the  symbols 
Y;j  and  z^  have  been  used.  Using  Gaussian  elimination,  the  co¬ 
efficient  matrix  is  first  diagonalized  to  the  form 


E 1  - 1  0  0  0  0 


0  C1  -I  0  00 


y2(xj) 

y -I  ( x2 ) 


o  0  E2  -I  00  y2(x2) 
0  0  0  C2  -I  0  y! ( XM) 


(5.34) 


0  0  0  0  EM  -I 


y2(x„) 


o  ooo  0  CM  yi<xM+1)|  bM  +  y2(xM+1) 


The  diagonal  elements  are  given  by 


Y 


2 

1 


yV1 

Tltl 


and 


Ei  ■  ♦  YilcT-i 


C,  -  <Y?  + 


(5.35a) 

(5.35b) 


(5.35c) 

(5  3 5 d ) 


for  1  »  2,3,...,M.  The  nonhomogeneous  terms,  a^  and  b^ ,  are 
given  by 


3 1  “  "  z -j  -  Y^i  (x^ )  (5.36a) 

b i  =  ■  z i  Y iy i ( x i )  -  C ] a i  (5.36b) 

and  by 
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z|  -  y] C7 1 ,  b4  , 


(5.36c) 


for  1  *  2 ,3, . . . ,M. 

Once  the  system  of  equations  Is  diagonalized  and  the  matri¬ 
ces  E^,  C.| ,  a  j ,  and  stored,  the  unknowns  can  be  calculated 
from 


y  1  ^ XM- 1  +  2 ^  "  CM- 1  +  1  ^y2^xM-1  +  2^  +  bM- 1  + 1 ^  (5.37a) 

y2^xM-i+l ^  =  EM- 1  +  1  ^yl ^  XM- 1 +2  ^  +  aM- 1  +  1  ^  (5.37b) 

where  i  =  1,2,. ...M.  It  should  be  again  recalled  that  y2^xM+l^ 
represents  the  m/2  known  elements  contained  In  ub  as  given  by 
equations  (5.2). 

For  eigenvalue  problems,  when  the  coefficients  of  equations 
(5.32)  depend  on  a  parameter,  the  characteristic  equation  Is  ob- 
tal ned  from 

^Myl^xM+l^  =  ^  (5.38) 
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which  Is  the  last  equation  In  equations  (5.34).  If 
det[CM]  -  0 

then  a  nontrivial  solution  for  y -j  ( xjm|+i  )  exists  and  Is  given  by 
the  same  procedure  as  used  In  equation  (5.17).  Other  unknowns 
are  then  obtained  directly  from  equations  (5.37),  where  all  a. 
and  b^  are  zero. 

By  means  of  the  method  given  In  this  section,  all  the  bound¬ 
ary  value  problems  covered  in  this  report  will  be  solved. 
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ON  THE  DERIVATION  OF  A  GENERAL 
THEORY  OF  ELASTIC  SHELLS* 

by 

** 

Arturs  Kalnins 

ABSTRACT 

A  complete  and  self-contained  theory  of  shells  is  pre¬ 
sented  which  is  based  on  three  and  only  three  assumptions. 

A  Mrst-order  system  of  partial  differential  equations  is 
it  which  by  means  of  direct  numerical  Integration  can  be 
used  to  solve  a  large  class  of  shell  problems. 


This  paper  has  been  submitted  for  publication  in  the  Indlen 
Journal  of  Mathematics,  and  was  scheduled  to  be  published 
In  Volume  9  of  the  Journal.  It  represents  Reference  [1]  In 
the  foregoing  PART  1. 

•  • 

Professor  of  Mechanics.  LeMgh  University, 
sy 1 vanl a  ,  U . S . A. 


l«*t 


Bethlehem,  Penn* 


INTRODUCTION 


The  purpose  of  this  paper  Is  to  present  a  complete 
and  self-contained  theory  which  governs  the  deformation  of 
an  elastic  shell.  The  features  of  the  theory  are: 

1.  It  is  applicable  to  orthotropic  material. 

2.  Shell-wall  can  consist  of  layers  of  different 
materi al . 

3.  Reference  surface  can  be  any  convenient  surface 
and  need  not  be  the  middle  surface  of  the  shell. 

In  addition  to  the  usual  assumptions  of  the  linear 
theory  of  elasticity,  the  shell  thee  iven  here  is  based 
on  the  three  further  assumptions: 

1.  Points  on  a  normal  of  a  reference  surface  before 
deformation  remain  on  a  straight  line  after  deformation. 

2.  Distances  between  points  on  a  normal  do  not  change 
during  deformation. 

3.  Stresses  arc*  replaced  by  s  tress -resul  tan ts  . 

Since  the  effect  of  transverse  shear  strain  Is  not 

neglected,  the  theory  presented  here  Is  equivalent  to  what 
night  be  called  a  shear  theory  of  shells,  which  has  been 
considered  In  the  literature  before  (as.  for  eiample,  In 
[1]  ).  However,  the  reason  for  derlvlnq  the  theory  In  this 
paper  Is  not  to  show  how  the  effect  of  the  transverse  shear 
strain  can  be  Included,  but  rather  to  show  how  a  conplete 
theory  of  shells  can  be  derived  in  a  s t ra Iqh t forward  nay 
fron  the  basic  physical  concepts  and  **«  solutions  to  such 
a  theory  can  be  obtained 
• 

tueters  In  brackets  designate  references  at  end  ef  caper 

no 


The  derived  system  of  equations  satisfies  the  requirement 
that  the  shell  is  stress  free  when  subjected  to  a  rigid-body 
displacement  field,  or,  equivalently,  that  the  equilibrium  equa¬ 
tion  about  the  normal  is  identically  satisfied.  The  system  of 
equations  is  also  in  accord  with  the  Principle  of  Minimum  Po¬ 
tential  Energy,  and  its  solutions  are  such  that  they  satisfy  an 
Orthogonality  Relation  for  the  modes  of  free  vibration  and  a 
Reciprocal  Relation. 

Because  of  the  attempt  to  give  here  a  self-contained  treat¬ 
ment  of  the  theory,  the  reader  will  find  portions  of  this  paper 
in  previous  publications.  For  example,  the  method  of  deriving 
the  equations  of  equilibrium  In  Section  III  is  the  same  as  that 
used  by  Relssner  [2],  The  representation  of  the  strain-dis¬ 
placement  equations  In  vector  form  In  Section  II  Is  essentially 
the  same  as  that  employed  by  Knowles  and  Relssner  [3].  The 
Idea  of  representing  the  kinematic  constraints  on  the  displace¬ 
ment  field  by  Introducing  artificial  anisotropy  In  the  trans¬ 
verse  direction  comes  from  Hildebrand,  Relssner,  and  Thomas  [1]. 

A  frw  renarks  on  the  notation  employed  In  this  paper  are  In 
order.  Symbols  are  explained  In  teat.  01 f f erent 1  at  Ion  with  re¬ 
spect  to  a  space  coordinate  Is  indicated  by  «  comma  a"<d  with  re¬ 
spect  to  time  by  a  dot  Creek  ind'CcS  can  take  values  1  and  2. 
while  Latin  indices,  unless  otherwise  stated,  can  te  1,  ?.  and 
)  The  usual  summation  convention  of  terms  with  repeatad  Indi¬ 
ces.  over  all  values  the  mjea  can  take. 
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Is  used  In  Sections  I  and  II  only.  A  solidus  Is  used  In  place 
of  a  horizontal  line  to  Indicate  division,  so  that  the  expression 
A/BC  means  A  divided  by  the  product  BC. 


I.  GEOMETRY  OF  THE  REFERENCE  SURFACE  OF  A  SHELL 


Consider  a  curvilinear,  three-dimensional  coordinate 
system  with  coordinates  and  a  cartesian  coordinate  system 
with  coordinates  (see  Figure  1).  It  Is  assumed  that  the 
transformation  relations  of  the  coordinates  of  any  point 
In  space  are  uniquely  specified  by 


^1  ( xi »x2 ’ x3^ 

o.i») 

x 1 ( c 1 **2’*3^ 

(1 .lb) 

A  shell  Is  defined  as  a  three-dimensional  body,  whose 
one  dimension  Is  smaller  than  any  other  characteristic  length. 
For  the  descrip  Ion  of  the  location  of  the  points  of  the  shell, 
the  coordinate  system  Is  chosen  In  a  special  way. 

A  reference  surface  of  the  shell  is  defined  as  the 
coordinate  surface  at  •  0,  and  the  coordinate  curve 
Is  taken  as  a  straight  line  directed  along  the  normal  of 
the  reference  surface.  The  reference  surface  Is  selected 
such  that  the  Interval  In  the  ij  direction,  occupied  by 
the  shell,  equals  the  smaller  dimension  of  the  shell,  and 
the  surface  should  be  oriented  (n  such  a  way  that  this 
dimension  Is  as  small  as  possible.  The  length  of  the  ij 
coordinate  line,  lying  mlthim  the  shell.  Is  called  the  thickness 
of  the  shell 


The  position  vector  from  the  origin  of  the  x  -coordinate 
system  to  a  point  P  of  the  shell  (Figure  2)  Is  written  In 
the  form 

S,(5r4>53)  =  S<{l-«2>  +  £3J.3(£Te2)  <>-2> 

where  £  is  the  position  vector  of  the  point  P-j  on  the  reference 
rurface  and  t.  Is  the  unit  normal  vector  of  the  reference 
surface  at  P^ . 

A  tangent  vector  along  a  given  coordinate  curve  at  a  point 
P  Is  obtained  by  differentiating  the  position  vector  of  P 
with  respect  to  the  coordinate.  For  example,  the  tangent 
vectors  with  respect  to  the  coordinate  curves  of  the  three- 
dimensional  coordinate  system  are  given  by 

2,  ■  <'|)*> 

and  the  tangent  vectors  along  the  coordinate  curves  on  the 
reference  surface  are  given  by 


t* 


n.3b) 


In  the  reralnder  of  this  piper,  it  will  be  assumed  that 
the  coordinate  system  (  on  th*  reference  surface  is  orthogonal, 
so  that 


t>  •  I.-  • a 


(l.o 


in 


Mfere  2,  Petition  let! 


The  nonzero  components  of  the  metrl c  tensor  of  the  two- 
dimensional  coordinate  system  on  the  reference  surface  are 
defined  by 

“1  =  2,1  *  fti  n.5a) 

a 2  8  *2  ’  &2  (1.5b) 


so  that  we  can  express  the  tangent  vectors  ax  In  terms  of 
unit  tangent  vectors  and  ^  In  the  form 


ai  ■  -ill 

(1 

.6a) 

tz  "  azla 

(1 

.6b) 
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the  following  procedure. 

Starting 

with 
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C9. 

(1. 
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vlth  Cj  ■ 

0,  the  position 

vector  | 
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r  • 
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where  e. 

are  the  unit  tang 

ent  vect 
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coordinate  system.  It  Is  convenient  to  eepress  £  In  ter*s 
of  because  all  derivatives  of  |f  are  aero.  The  tangent 
vectors  |4  can  then  be  found  In  terwt  of  frnm  fq.  (l.Jb)  as 

and  then  from  Eq.  (1.S)  It  follows  that 

•f  ■  «'•»> 

in 


Once  the  reference  surface  Is  defined  by  Eq.  (1.1b), 
with  =  0,  the  unit  normal  vector  Is  also  defined  and 
given  by 


£3  =  £l  *  i2/al°2 

Evaluating  the  vector  product,  we  get,  after  using  Eq.  (1.6), 
that 


t3  -  [(x2,lx3,2  "  x3,lx2,2*£l  +  *x3,lxl,2  ’  xl,1x3,2^2 

*  (xl,lx2,2  "  x2,lxl ,2)t3^/ola2  ( 1 • 

Consider  now  the  angle  between  the  tangent  vectors 
of  the  three-dimensional  coordinate  system  ,  with  the 
assumption  of  Eqs.  (1.2)  and  (1.4).  The  cosine  of  the  angle 
between  ^  and  ^  proportional  to  their  scalar  product, 
and,  using  Eqs.  (1.3a),  (1.2),  and  (1.3b),  we  obtain 

ii  •  s*  ■  'it  •  •  <i?  * 

(1.9) 

•  'l<l3.1  •  t }  *  lj.3  •  ll»  ‘  <3*0.1  • 

Thus,  even  though  the  vectors  are  orthogonal  on  the 
reference  surface,  they  are  not  orthogonal  at  points  away  from 
the  reference  surface  unless  the  terms  on  the  right-hand  side 
ef  Eg  ( 1 ,•)  are  fere. 

let  us  assume  that  the  ceerdlnate  systre  •  on  the 
reference  k  face  Is  such  that  the  terms  on  the  right-han* 


consequences  of 


t,  •  a,  =  0  (1.10) 

Referring  to  Figure  3,  this  means  that  the  change  in  the 
normal  along  the  S-j-curve  is  orthogonal  to  1 2 .  Because  of 
Eq.  (1.4)  and  the  fact  that  t3  is  a  unit  vector,  Eq.  (1.10) 
also  means  that  t3  -|  is  parallel  to  t^  ,  and,  consequently, 
that  the  normals  at  P  and  Q-j  intersect  (see  Figure  3). 

The  point  of  intersection,  C-j  ,  is  called  the  center  of 
curvature  of  the  C-j  coordinate  curve  at  P,  and  the  distance 
C i P  is  called  the  pri nci pal  radius  of  curvature  of  the 
surface  at  P  along  the  c-j  coordinate  curve  and  is  denoted 
by  R.j  .  From  the  cross-hatched  similar  triangles  shown  in 
Figure  3,  it  follows  that 

«3,1  =  “l~l/Rl  (1-11) 

where  the  sign  convention  has  been  emoloyed  that  a  radius 
of  curvature  at  a  point  on  the  surface  is  positive  if  the 
normal  at  that  point  is  directed  away  from  the  center  of 
curvature.  This  convention  will  be  used  throughout  this  paper. 

In  order  to  investigate  the  second  term  on  the  right-hand 
side  of  Eq.  (1.9),  the  following  identities,  which  are  obtained 
from  Eq.  (1.3b)  and  by  differentiation  of 


are  required 
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! 


13.1  ’  i2  *  "  l3  *  t2.1 

12.1  “  il.2 

13  ’  il,2  *  *  13.2  *  tl 


(1.12*) 

(1.12b) 

(1.12c) 


These  Identities  Imply  that  If  Eq.  (1.10)  Is  satisfied, then 
also  the  second  tern  In  Eq.  (1.9)  vanishes;  l.e.. 


£3.2  '  Ji  '  0  <I  U) 

This  neans  that  the  normals  at  P  and  Qg  also  Intersect. 
Similarly,  the  center  of  curvature,  Cj.  and  the  principal 
radius  of  curvature,  Rgt  with  respect  to  the  Cg  coordinate 
curve  at  P  are  defined,  and  the  relation 


la, 2  "  °2Se/R2 


0.14) 


Is  obtained. 


At  any  point  on  a  surface,  there  are  two  unique, 
mutually  orthogonal  directions  along  which  Eqs.  (1.10)  and 
(1.13)  hold.  These  directions  are  called  the  principal 
dl rectlons  at  a  point  on  the  surface,  and  the  curves  on  the 
surface  which  are  everywhere  tangent  to  the  principal  direc¬ 
tions  are  called  the  lines  of  curvature  of  the  surface. 

The  necessary  and  sufficient  condition  that  a  coordinate 
system  Is  directed  along  the  lines  of  curvature  Is  that 
Eqs.  (1.4)  and  (1.10)  are  sat1sf,|ed.  In  the  remainder  of 

this  paper.  It  will  be  assumed  that  the  coordinate  system 
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Is  orthogonal  and  coincides  with  the  lines  of  curvature  of 
the  reference  surface. 

In  addition  to  the  parameters  and  a^,  which  are 
given  by  Cqs.  (1.7),  the  only  other  quantities  which  are 
required  for  a  complete  description  of  the  reference  surface 
of  the  shell  and  Its  coordinate  system  are  the  two  principal 
radii  of  curvature.  They  are  calculated  'row  Eqs.  (1.11)  and 

(1.14)  In  tne  form 

^R1  "  £3,1  *  £l/ol  (1.15a) 

^R2  *  £3,2  *  £«^a2  (1.15b) 

where  the  derivatives  of  t3  must  be  obtained  by  differen¬ 
tiation  of  Eq.  (1.8). 

If  the  c  coordinate  curves  are  the  lines  of  curvature 

a 

of  the  surface,  then  It  follows  directly  from  Eqs.  (T.ll), 

(1.14) ,  and  (1.4)  that  the  last  term  In  Eq.  (1.9)  Is  also 
zero.  Consequently,  for  llne-of-curvature  coordinates  on  the 
reference  surface,  the  three-dimensional  coordinate  system 

Is  orthogonal,  and  we  can  define  the  nonzero  components  of 
the  metric  tensor  for  this  coordinate  system  as 

Ai  ■  Ei  •  Ei 

Ai  “  22  ‘  2.2 

*3  ’  23  •  23 
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In  view  of  Eqs .  (1.2).  (1.3).  (1.11).  and  (1.14),  we  get  that 

9l  •  (1  ♦  c3/R1)a1t1 

£2  »  (1  ♦  (1-17) 

£3  *  U 

and  then  fron  Eq.  (1.16)  It  follows  that  for  the  special 
three-dimensional  coordinate  systen  employed  for  a  shell, 
we  have 


A)  ■  (1  ♦  ^3^]  )®| 

A2  -  (1  ♦  C3/R2)«2  (1.18) 

A,  •  1 

In  the  derivation  of  the  governing  equations  for  a  shell, 
relations  are  required  for  the  derivatives  of  the  unit  tangent 
vectors  t  In  terms  of  the  unit  vectors  themselves.  These 

wa 

relations  can  be  deduced  by  finding  the  scalar  products  of 
the  derivatives  with  each  of  the  unit  vectors. 


For  example,  differentiation  of 


t 

m 


.1 


-  l 


with  respect  to  gives 


“•  0 
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Furthermore,  differentiation  of  Eq.  (1.4)  with  respect  to  £j 
and  Eq.  (1.5a)  with  respect  to  Cg  leads  to 

£l,l  *  £2  “  *  il  *  £2,1 

£l  *  £l,2  “  °1°1 ,2 

Making  use  of  Eqs.  (1.12b)  and  (1.6a),  we  obtain 


ll.l  •  *2  *  *  “1 .2/o2 

The  £3  component  of  tj  ^  Is  fojnd  by  first  forming  the  scalar 
product  of  Eq.  (1.11)  and  t^  In  the  form 

£3,1  *  £l  "  “1/R1 
and  then  by  differentiation  of 


£l 


t, 

«#3 


0 


with  respect  to  £j.  This  procedure  gives 

ti.i  •  £3  ■  ■  Vi 

The  ^  component  of  ^  ^ s  found  from 

*£l  *  £l^2  "  2£l,2  *  £l  "  0 

and  the  t3  component  from 

<£l  •  £3’  >2  ■  il.2  •  £3  • 0 

which  follows  because  of  Eq.  (1.13).  Finally,  differentiating 
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Eq.  (1.5b)  Mlth  respect  to  Cj  and  making  use  of  Eq.  (1.12b) 
leads  tc 

ii.2  •  ia  m  «2.i/ai 

From  the  scalar  products  given  above,  and  by  exchanging 
the  subscripts  1  and  2,  the  desired  formulas  are  obtained 
In  the  form 


£1,1  ■ 

-  «lt2l2/a2  '  01$3/R1 

(1 . 19») 

~1 ,2  " 

°2,li2/al 

(1 .19b) 

£2 ,2  " 

‘  °2,ltl/al  ‘  °2w3/R2 

0.19c) 

fc.l  * 

°1 ,2~l/o2 

(1 . 19cf ) 

Eqs.  (1.19)  are  known  as  Gauss  formulas. 

Two  more  relations  of  differential  geometry  will  be 
required  which  can  be  obtained  from  the  component  o f  the 
Identity 

tut  -  ii.H  ■ 0  (1-20> 

After  making  use  of  Eqs.  (1.19),  the  £3  component  of  Eq.  (1.20) 
Is  given  by 

“1,2/R2  "  (°i/ri)'2  (1.21a) 

Similarly,  by  exchanging  the  Indices  1  and  2,  we  get 

°2,1/R1  (q2/R2^1 

Eqs.  (1.21)  are  known  as  the  Codazzl  formulas. 
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(1.21b) 


II.  ANALYSIS  OF  STRAIN  IN  A  SHELL 

Deformation  at  a  point  of  a  continuous  medium  Is 
characterized  by  the  changes  In  the  lengths  of  Infinitesimal 
line  elements  emanating  In  all  directions  from  P0-  One 
such  line  element,  PqQ0,  which  can  lie  In  any  desired 
direction,  can  be  represented  In  the  undeformed  body  by 
an  Increment,  d£0.  In  the  position  vector,  R0,  of  *he  point 
P0  (see  Figure  4). 

At  the  end  of  deformation,  the  point  PQ  has  moved  to  P, 
whose  position  vector  Is 

R  ■  R„  ♦  v  (2.1) 

«  «o  ** 

where  £  Is  defined  as  the  displacement  vector.  The  point  Qq, 
which  before  deformation  has  the  position  vector 

R  ♦  dR 
*»o  «*o 

has  moved  to  Q  with  the  position  vector 

R  ♦  dR  »  Rn  ♦  v  +  dR.  ♦  dv  (2.2) 

The  difference  In  the  square  of  the  lengths  of  the  line 
elements  PqQ0  and  PQ  Is  given  by 

ds2  -  d$2  ■  •  dj  -  •  d$0  (2.3) 

By  means  of  Eq.  (2.2)  we  get  that 


(2.4) 


ds2  -  ds2  »  2dR  .  dv  ♦  dv  .  dv 

0  mO  %  v  * 

Equation  (2.4)  Is  applicable  for  the  calculation  of  the  change 
In  the  length  of  any  line  element  which  before  deformation  Is 
represented  by  d^. 

The  state  of  deforaatlon  at  a  point  PQ  Is  expressed  In 
teras  of  the  coaponcnts  of  a  (3*3)  aatrlx  which  Is  called  the 
strain  aatrlx.  The  diagonal  eleaents  of  the  strain  matrix 
represent  the  elongations  of  the  sides  and  the  off-diagonal 
eleaents  are  the  changes  In  the  angles  between  the  sides  of 
a  paral leloplped  whose  diagonal,  before  deformation,  Is  dRQ, 
and  whose  sides  are  parallel  to  the  tangent  vectors  at  PQ  of 
the  coordinate  curves  of  a  given  coordinate  system  (see  Figure 
5).  The  components  of  the  strain  matrix  are  dependent  on  the 
given  coordinate  system  and.  If  specified  at  point  PQ,  com¬ 
pletely  determine  the  change  of  the  square  of  the  length  of 
any  arbitrary  line  element  emanating  from  PQ. 

The  actual  lengths  of  the  sides  of  the  paral leloplped  In 
Figure  5  can  be  determined  by  means  of  the  chain-rule  expan¬ 
sion 

d£o  *  £0.id£l  '  2td{1  <2'5 

12  3 

to  be  ,  Agdc  ,  A^de  ,  where  are  defined  by  Eqs.  (1.16) 

and  refer  to  the  components  of  the  metric  tensor  of  the  co¬ 
ordinate  system  Cj  In  the  undeformed  body. 
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Figure  5.  Change  In  Length  of  Line  Eleaent. 


For  the  purposes  of  defining  the  strain  matrix  for  a 
shell.  It  Is  convenient  to  describe  the  material  points  of  the 
shell  during  deformation  by  the  same  coordinates  This 

means  that  all  the  points  on  a  given  coordinate  curve  before 
deformation  remain  on  the  same  coordinate  curve  after  deforma¬ 
tion.  However,  the  shapes  of  the  coordinate  curves  may  change 
during  deformation,  and,  consequently,  the  tangent  vectors  ^ 
may  change  In  magnitude  as  well  as  direction.  If  such  coordi¬ 
nates  are  employed,  then  the  paral leloplped  after  deformation 
with  the  diagonal  dR  will  have  Its  sides  parallel  to  the  tan¬ 
gent  vectors  of  the  coordinate  curves  In  the  deformed  body. 

By  means  of  Eq.  (2.5)  and 

d£  *  X'l^1  (2-6) 

Eq.  (2.4)  can  be  written  as 

d,»  -  d,J  •  <2ym  .  RoJ  ♦  v,,  .  v.jtdt'dsJ  (2.7) 

The  expression  In  the  parentheses  of  Eq.  (2.7)  can  be  regarded 
as  a  displacement  gradient  matrix  and  denoted  by 


D 


U 


2i- 


*o,  j 


*•1 


(2.8) 


It  should  be  noted  that  In  the  quadratic  form  on  the  right 
hand  side  of  Eq.  (2.7)  only  the  symmetric  part  of  D^j  affects 
the  change  In  the  length  of  the  line  element,  while  the  anti¬ 
symmetric  part  of  Djj  subtracts  out.  In  order  to  determine 
the  meaning  of  the  antisymmetric  part  of  D^j,  let  us  write 
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as  the  sum  of  a  symmetric  matrix,  2e.jj,  and  an  antisymmetric 
matrix,  2u . . •  in  the  form 

*  J 


°id 

=  2e .  . 
ij 

+  2wj  j 

(2. 

.9) 

where  2e.  . 

*  J 

= 

•  £o,j 

+  *’j 

*  So,i  +  ~’i  • 

(2. 

.10a) 

2“u 

=  £’i 

■  £o,j 

•  £o,i 

(2. 

,10b) 

Let  us  examine  the  matrices  e.j  and  when  the  displace¬ 
ment  vector  is  that  of  rigid-body  motion.  Any  such  motion  can 
be  assumed  to  consist  of  a  rigid-body  translation  followed  by 
a  single  rigid-body  rotation  through  an  angle  e  about  one  axis. 

The  rigid-body  translation  can  be  represented  by  a  constant 
displacement  vector,  vQ,  which  clearly  does  not  affect  D.j  when 
substituted  into  Eqs.  (2.10).  In  order  to  see  the  effect  of 
the  rigid-body  rotation  on  the  symmetric  and  antisymmetric  parts 
of  we  can  assume  that  the  axis  of  rotation  coincides  with 
the  Xg  coordinate  axis  of  a  cartesian  coordinate  system.  The 
displacement  vector  of  a  point  PQ  with  coordinates  x-j ,  x2,  0, 
which  during  the  rotation  moves  to  P,  is  shown  in  Figure  6  and 
given  by 

v  =  -  [xn  (1  -  cos  e)  +  x 2  sin  e]  e-j 

+  [x]  sin  e  -  x2(l  -  cos  e)]  e2  (2.11) 

Substitution  of  Eq.  (2.11)  into  (2.10)  yields 

2e^  =  0  (2.12a) 
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sin  e 


(2.12b) 


“12  =  "  “21  = 

If  the  components  of  the  symmetric  part  of  are  zero  In  one 
coordinate  system  (l.e..  In  the  cartesian  system  with  x^-axls 
coinciding  with  the  axis  of  rotation),  then  they  will  be  zero 
also  In  any  other  coordinate  system,  because  2e^j  satisfies 
the  transformation  laws  of  a  tensor  of  order  two.  Thus,  It 
Is  clear  that  the  components  of  the  antisymmetric  part  of 
merely  rotate  the  paral 1 elopi ped  as  a  rigid  body,  while  the 
symmetric  part  deforms  It  (see  Figure  5). 

Because  the  state  of  deformation  should  be  Independent  of 
rigid-body  motion,  It  Is  regarded  that  the  symmetric  matrix, 
2e^j,  can  describe  the  state  of  deformation  at  a  point  of  a 
continuous  medium  and,  therefore,  can  be  defined  as  the  strain 
matrix.  Because  It  transforms  with  respect  to  coordinate  trans 
formations  as  a  second  order  tensor,  it  Is  called  the  strain 
tensor. 

For  the  purposes  of  this  paper.  It  will  be  assumed  that 
the  displacement  gradients  are  Infinitesimal,  and  that  the 
squares  of  v,^  can  be  neglected.  Moreover,  It  follows  from 
Eq.  (2.7)  that  If  the  components  of  the  strain  tensor  are  to 
have  the  proper  physical  dimensions  (l.e.,  dimensionless),  then 
the  coordinate  Increments  d£*  In  Eq .  (2.7)  must  be  replaced  by 
the  arc-lengths  along  the  coordinate  curves,  which  are  given 
by  AjdCj.  ^3^3*  Consequently,  for  orthogonal  coordi¬ 

nates,  the  physical  components  of  the  strain  tensor  are  defined 
by 
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(2.13) 


where  no  summation  over  1  or  j  is  Intended.  From  here  on,  the 
symbol  e^  will  denote  the  physical  components  of  the  strain 
tensor  as  given  by  Eq.  (2.13),  rather  than  the  tensor  components 
given  by  Eq.  (2.10a). 


134 


One  of  the  basic  assumptions  of  the  theory  of  shells 
derived  In  this  paper  Is  that  the  displacement  vector  Is 
linear  In  e3  In  the  form 

v(C-|  .^2*^3)  =  “^1**2*  +  c3^1»4)  (2.14) 

This  assumption  means  that  all  points  on  a  normal  of  the 
reference  surface  In  the  undeformed  shell  are  forced  to 
remain  on  a  straight  line  in  the  deformed  shell  and  Implies 
a  definite  constraint  on  the  kinematics  of  the  shell. 

While  the  displacement  of  the  reference  surface  Is 
expressed  in  a  general  form 

u  “  u]t1  +  u2tg  +  u3t3  (2.15) 

the  vector  which  describes  the  rotation  of  the  normal  of  the 
reference  surface  Is  assumed  In  the  form 

6  =  Bit.  +  e9t,  (2.16) 

Eq.  (2.16)  Implies  another  assumption  used  In  the  paper. 
Because  of  the  absence  of  a  t3  component  In  6,  It  means  that 
the  points  on  a  normal  do  not  change  their  relative  positions 
In  the  £r-d1 recti  on;  l.e.,  the  normals  remain  the  same  length. 

Substituting  Eq.  (2.14)  into  Eq.  (2.13)  and  making  use 
of  Eqs.  (1.17),  strain-displacement  relations  are  obtained 
In  the  form 
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(2.17a) 


2eu  ■  <»•»  +  +  W°x 

+  Ill's  +  «3«’6>  •  &/<’  +  W“5  (2-17b) 

2e33  »  0  (2.17c) 

2e»3  *  <H-x  +  «3^'X>  •  Sa'*1  +  «3/Rx>“x  +  &  ’  ‘x 

(2.1 7d) 

With  the  use  of  Eqs.  (1.11),  (1.14),  and  (1.19),  we  find 

H»1  =  <U1 ,1  +  al,2u2/a2  +  “1U3/R1  )tl 
+  ^  u2 , 1  "  al,2ul/o2^2  +  ^  u3 , 1  "  alul/R1^3  (2.1 3a) 

£»1  =  ( 6 1 , 1  +  al,262/ot2^1 

+  ^ e2 , 1  "  “1 ,2el/a2^2  "  alBl£3/Rl  (2.18b) 

and  two  similar  expressions  by  exchanging  the  subscripts  1  and  2. 
Substituting  Eqs.  (2.18)  Into  Eqs.  (2.17),  the  strain  displace¬ 
ment  relations  for  a  shell  can  be  written  as 


ell  - 

( e  1 1  +  €3kl i )/( 1 

♦  «3/Rl> 

(2.19a) 

II 

CM 

CM 

0) 

( ^22  ^3^22  ^  ^ 

+  53/R2) 

(2.19b) 

e33  * 

0 

2e12  “ 

( Y 1  +  ?361)/(1  + 

c3/ri ) 

+ 

(y2  +  5362)/^  + 

53/R2) 

(2.19c) 

2e13  =  Y 1 3/ ( 1  +  ( 2 . 1 9  d ) 

2e23  =  y23^'*  +  ?3^R2^ 
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(2. 19e) 


where  we  have  defined 

E11  =  H*i  ‘  =  ulj/al  +  al,2u2^ala2  +  u3^R1  U  20a) 

e22  =  !4 * 2  ’  ^2^a2  =  u2,2^a2  +  a2,lul^ala2  +  U3^R2  (2.20b) 


Y1 

=  ~’l 

•  £2/al 

=  u2 

,i/ai 

'  °1 

.2“ 

,/«,«2 

(2.20c) 

y2 

=  ~’2 

•  il/n2 

=  U1 

,2/o2 

"  a2 

,1“ 

CM 

a 

a 

X 

CM 

(2.20d) 

kll 

=  *’1 

'  ll/ol 

=  ®1 

,l/ol 

+  “1 

,2b 

2/ala2 

(2.20e) 

k22 

=  £’2 

=  e2 

,2/a2 

+  “2 

,16 

1 /°1 a2 

( 2 . 20f ) 

61 

=  in 

■  i2/ai 

=  e2 

,l/ol 

- 

»2B 

l/ala2 

( 2 . 20g ) 

62 

-  £*2 

•  ii/o2 

=  6l 

,2/o2 

-  a2 

,1S 

2/al°2 

(2.20h) 

Y13  =  ^’1  *  ^3  +  i  '  “l&l^l 

—  Uj  i^a]  "  u i / R i  +  6 1  (2.201) 

Y23  =  (il’2  *  U  +  l  *  a2^2)/a2 

=  Uj  2^ a2  "  u2/R2  ^  ®2  (2.20J) 


This  completes  the  derivation  of  the  physical  components 
of  the  three-dimensional  strain  tensor  for  a  shell.  Clearly, 
Eqs.  (2.19)  are  no  longer  exact  for  a  three-dimensional 
medium,  because  the  restrictive  assumptions  given  by  Eqs. (2. 14) 
and  (2. 16)have  been  employed. 
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It  is  interesting  to  note  that  while  the  components  of 
e^j  were  shown  to  be  zero  for  rigid-body  motion,  the  strain 
measures  on  the  left-hand  side  of  Eqs.  (2.20)  are  not  all 
zero.  Using  the  form  of  the  position  vector  for  a  shell 
given  by  Eq.  (1.2),  the  rigid-body  displacement  vector  for  an 
Infinitesimal  rotation  u>  and  translation  vQ  Is  given  by 

v  =  V-  +  u>xr  +  cQio  x  t«  (2.21) 

which  shows  that  for  rigid-body  motion  the  linear  displace¬ 
ment  field  of  the  form  of  Eq.  (2.14)  Is  exact.  Substituting 


u  =  vrt  +  a)  x  r  (2.22a) 

B  =  (o  x  t,  (2.22b) 

Into  Eqs.  (2.20),  we  find  that  all  are  zero  except 

Yl  =  u.  •  t3  (2.23a) 

y2  =  -jo  •  t3  (2.23b) 

6 1  =  w  •  tg/R-j  (2.23c) 

62  =  -a>  •  t^/Rg  (2.23d) 


It  should  be  remarked  that  at  this  point  It  Is  not 
necessary  that  the  strain  measures  defined  by  Eqs.  (2.2G) 
be  zero.  It  Is  Important,  however,  that  the  components  of 
the  strain  tensor,  as  expressed  by  Eqs.  (2.19),  be  zero, 
which  by  means  of  Eqs.  (2.23)  Is  easily  shown  to  be  true. 
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III.  STRESS-RESULTANTS  AND  EQUILIBRIUM 


The  stress  field  at  a  point  P  of  a  three-dimensional 
continuous  medium  Is  characterized  by  means  of  the  stress 
vector  given  on  three  mutually  orthogonal  planes  passing 
through  P.  Assuming  that  the  three  mutually  orthogonal 
planes  coincide  with  the  tangent  planes  of  the  e.-constant 
coordinate  surfaces  at  P,  the  stress  vector,  o  ^ ,  on  the 
tangent  plane  to  the  c^=constant  coordinate  surface  Is 
defined  by 


oj  =  11m  aR/aA  (3.1) 

aA+0 

where  aA  Is  an  element  of  area  In  the  tangent  plane,  con¬ 
taining  P,  and  aR  Is  the  resultant  force  exerted  on  aA 
by  the  neighboring  element  lying  In  the  positive  coordinate 
direction  from  P. 

By  definition  of  a  shell,  the  thickness  Is  restricted 

to  be  smaller  than  ony  other  characteristic  length.  Because 

of  this  property,  the  stress  vector  on  the  faces  of  the  element 

shown  In  Figure  7  Is  replaced  In  the  theory  of  shells  by  a 

* 

statically  equivalent  force-couple  system  attached  at  the  reference 
surface.  In  addition  to  Eqs.  (2.14)  and  (2.16),  this  replacement 

* 

The  term  "statically  equivalent"  Is  used  In  this  section  In 
the  same  sense  as  In  statics  of  rigid  bodies.  Of  course, 
the  replacement  of  the  stresses  by  their  resultant  force  and 
couple  will  not  produce  Identical  effects  In  a  deformable  medium. 
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of  the  stresses  by  the  resultant  forces  and  moments  Is  another 
basic  assumption  used  In  the  theory  of  shells.  All  of  these 

assumptions  Introduce  errors  In  the  solutions  of  the  equations 
of  shell  theory,  when  compared  to  the  solutions  of  the 
three-dimensional  theory  of  elasticity,  and  these  errors 
are  directly  proportional  to  the  ratio  of  the  thickness  to 
any  other  characteristic  length  of  the  shell. 

Consider  an  element  of  the  shell  which  Is  bounded  by 

the  normals  of  the  c  coordinate  curves  on  the  reference 

a 

surface  and  the  two  bounding  surfaces  of  the  shell,  defined 
by  £3  *  z-j  and  =  Zg  (see  Figure  7).  The  sides  of  the 
reference  surface,  Included  In  the  element,  have  the  lengths 

ds  1  = 

dSg  =  a2<*^2 

and  are,  therefore,  Infinitesimals  which  can  be  taken  as  small 
as  desired.  The  height  of  the  element  Is  finite  and  equal  to 
the  thickness  of  the  shell  at  point  P.  This  means  that  the 
stress  field  on  the  faces  of  the  element  can  be  assumed  con¬ 
stant  In  the  directions  and  equal  to  that  on  the  normal 
at  point  P.  Clearly,  the  stresses  have  finite  variations 
In  the  Co  direction.  Since  the  c  coordinate  curves  are 

j  a 

assumed  to  coincide  with  the  lines  of  curvature  of  the  ref¬ 
erence  surface,  the  four  faces  of  the  element  are  planes  and 
the  normals  at  the  edges  of  a  face  Intersect. 


Consider  the  face  A,  shown  In  Figure  7.  which  Is  defined 
by  s,»constant.  An  element  of  area  on  this  face  Is  given  by 

dA1  -  dc3dS2  (3.2) 

From  the  ratio  of  the  sides  of  similar  triangles  shown  In 
Figure  7,  It  follows  that 

dS2  -  (1  ♦  c3/R2)ds2  (3.3) 

so  that  the  area  element  can  be  expressed  In  terms  of  the 
length  of  the  reference  surface  on  the  face  A,  In  the  form 

dA1  -  (1  ♦  c3/A2)ds2dc3  (3.4) 

The  resultant  force,  per  unit  length  of  the  reference 
surface,  produced  by  the  stresses  on  the  face  A]  Is  given  by 

Hi  “  /Sl(1  4  Wd*j  05*) 

where  the  Integration  with  respect  to  c3  Is  carried  out  from 
C3  -  z,  to  c3  ■  z2*.  The  resultant  moment  about  point  0| , 
per  unit  length  of  the  reference  surface.  Is  given  by 

H,  •  Jc  -  0,(1  ♦  C3/*2)dt3  (3.5b) 

where  the  position  vector  £,  from  0,  to  any  point  on  the  face 
A, ,  Is  def 1 ned  by 

£  •  (3.6a) 

^Unless  otherwise  specified,  the  limits  of  all  Integrals  with 
respect  to  c3  will  be  understood  to  be  z,  and  x2;  l.e.,  the 
coordinates  Of  the  two  bounding  surfaces'of  theShell. 
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Figure  7.  Shell 


However,  since  2 e  <_  ds2  and  ds2  is  an  infinitesimal,  the  t2 
component  of  c  can  be  made  as  small  as  desired,  and  therefore 
neglected.  For  this  reason,  In  the  following  equations  the 
expression 


c  =  s3t3  (3.6b) 

will  be  employed. 

The  stress  resultants,  N-j  and  M-j ,  can  be  resolved  along 
the  unit  vectors  in  the  form 

Hi  =  Nll£l  +  N12^2  +  ^1  £3  (3.7a) 

Hi  =  "M12^1  +  Mll-2  (3.7b) 

Similarly,  the  resultant  force  and  moment  about  02,  produced 
by  the  stresses  on  the  face  A2,a re  given  by 

H2  =  N21*l  +  N22~2  +  ^2~3  (3.8a) 

H2  =  _M22«1  +  M21&2  (3. 

Substituting  the  stress  vectors  on  the  faces  A-j  and  A2, 
expressed  in  terms  of  their  physical  components  in  the  form 


2l  =  °llll  +  °1 2^2  +  °13~3 

(3.9a) 

eg  =  °2l£l  +  oggtg  +  o23t3 

(3.9b) 

into  Eqs.  (3.5)  and  two  similar  equations  with  the  subscripts 
1  and  2  exchanged,  and  comparing  the  result  to  Eqs.  (3.7)  and 
(3.8),  we  find  that 


143 


N11 

“  /anvl 

+ 

(3. 

10a) 

n12 

*  /°12(1 

+ 

5  3^R2  > 3 

(3. 

10b) 

n2) 

=  /a2i ( 1 

+ 

(3. 

10c) 

N22 

=  /o2 2(1 

+ 

e3/Rl >d?3 

(3. 

,10d) 

s  /CT11 C3 

(1 

♦  53/R2)dE- 

(3. 

lOe) 

H,2 

=  /°*|  2^3 

(1 

♦  <3/R2)d53 

(3. 

lOf ) 

H2i 

=  fa  2^3 

(1 

+  {3/R,)d«3 

(3. 

10g) 

*22 

=  fa2 2S3 

(1 

+  {3/R,)d53 

(3. 

1  Oh ) 

«1  ! 

=  /  a  1 3  ( ^ 

+ 

S3/R2)d{3 

(3 

.101) 

«2  ' 

=  /a2  3  < 1 

+ 

53/R|)dE3 

(3 

.10j) 

The  quantities  N  „  are  called  membrane  stress  resultants.  0 

aB - a 

are  transverse  shear  resultants,  and  M  „  are  moment  resultants. 

— — — ~ “  a  p  =  . 

They  represent  forces  and  couples  per  unit  length  of  the 
reference  surface  In  the  directions  as  specified  by  Eqs.  (3.7) 
and  (3.8)  and  shown  In  Figure  8. 

The  surface  loads  on  the  two  bounding  surfaces  of  the 
element  of  the  shell  are  replaced  by  a  statically  equivalent 
force-couple  system  attached  at  the  reference  surface.  Let 
us  denote  by  j>j  ,m^  and  pg,^  the  resultant  forces  and  couples, 
per  unit  area  of  the  reference  surface,  which  are  prescribed 
on  the  bounding  surfaces  of  the  element,  defined  by  ^  =  zi 

and  s3  =  z2,  respectively.  Then  the  statically  equivalent 
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force-couple  system,  attached  at  the  reference  surface, 
consists  of  a  resultant  force  and  couple  given  by 

p  *  Pi  +  P2  (3.11a) 

2  =  2l  +  22  +  *2^3  *  £2  +  zlb  *  £1  (3-1,b) 

which  can  be  resolved  along  the  unit  tangent  vectors  In 
the  form 

E  =  pl£*l  +  p2$2  +  p3*3  (3.12a) 

m  =  - m2t. ,  +  m] tg  +  m^  (3.12b) 

If  acceleration  of  the  element  Is  present,  then  the 
Inertia  forces  must  also  be  replaced  by  a  statically  equivalent 
force-couple  system  attached  at  the  reference  surface. 

Considering  a  volume  element  In  the  form 

dV  s  dS  1  d$2 dc 3  =  ( 1  ^  C3/R^)(l  ^  ^3/^2^ala2^1^2^3 

the  resultant  force,  per  unit  area  of  the  reference  surface, 
which  Is  caused  by  the  Inertia  forces.  Is  given  by 

F  =  -Jp(u  +  C3B)(1  +  Cj/R^d  +  C3/R2)dc3  (3.13a) 

where  p  denotes  the  mass  density  of  the  material.  The 

resultant  moment  about  any  point  on  the  reference  surface,  per  unit 

area  of  the  surface.  Is  given  by 

M  *  -IZ3I3  x  p(E  +  C3LX1  +  53/R1)(l  +  53/R2)de3  (3.13b) 
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Eqs.  (3.13) 

can  be  wrl tten  as 

F  =  -b,u  -  b«6 

^  1  LN 

(3.14a) 

M  =  -b,U  -  b,B 

(3.14b) 

where 

U  *  t~  x  u 

a# 

(3.15a) 

B  =  t,  *  B 

(3.15b) 

and 

b,  =  /p ( 1  +  53/R1)(l  +  C3/R2)dc3 

(3.16a) 

b2  =  / p C 3 ( 1  ^  C3/R1)(l  4  ^3/^2^^3 

(3.16b) 

b3  =  /pC3(1  +  C3/R1)(l  +  ;3/R2)d^3 

(3.16c) 

Consider  now  the  equilibrium  of  an  element  of  the  shell 
whose  reference  surface,  together  with  all  the  resultant 
forces  and  couples  acting  on  this  element,  is  shown  in 
Figure  9.  If  the  element  is  to  remain  in  equilibrium, 
then  the  sum  of  all  resultant  forces  and  moments  about  one 
point  must  be  zero. 

After  division  by  d c i dc 2  *  the  sum  all  forces  Is  zero 
If 

( a2ltl ) '  1  +  ^ a  1 H2 ^  * 2  +  ala2P,=  aia2^blJi  +  b2&)  (3*17) 

In  order  to  calculate  the  resultant  moment  about,  say,  point  P 
(see  Figure  9),  the  moment  of  the  resultant  forces  on  the  four 
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I 


Figure  9.  Forces  and  Couples  Acting  on  an  Element  of  the  Shell. 
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faces  about  P  must  also  be  Included.  Consider  first  the  two 
faces  defined  by  ^constant.  The  moment  of  the  forces  on 
these  faces  about  P  Is  given  by 

“ x  ° 2 ^ ^ 2 5Ll  +  £2  x  Co2!ll  +  ( “2H1  )  *  1  1  ^  ^2  (3.18) 

where 

£l  “  a2dt2*2/2 

C2  «  <>1dC1t1  +  a2dc2^2/2 

After  cancelling  like  terms  and  neglecting  Infinitesimals  of 
third  order,  Eq.  (3.18)  becomes 

o  ^  o*  1  €  j  d  £  2  t^i  x  (3.19a) 

Similarly,  the  moment  about  P  of  the  forces  on  the  faces 
£2=constant  Is  given  by 

ala2d^ld^2«2  x  S#2  (3.191 

The  moment  about  P  of  the  surface  load  and  Inertia  forces 
contains  Infinitesimals  of  third  order,  and  need  not  be 
considered. 

Thus,  the  resultant  moment  about  P  of  all  the  force-couple 
systems  acting  on  the  element  Is  zero  If 

(®2«1 ) ’  1  +  (“life) *2  +  “la2(*l  x  Hi  +  ^2  x  !fe) 

+  a.ja2m  *  a-| a2 ( b2U(  ^  b 3^)  (3.20) 
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where  again  the  common  multiplier  dSjd^  has  been  cancelled 
and  Infinitesimals  of  third  order  neglected. 

Substituting  the  stress-resultant,  surface  load,  and 
displacement  vectors,  resolved  along  the  unit  tangent 
vectors  t ^ ,  Into  Eqs.  (3.17)  and  (3.20),  making  use  of 
Eqs.  (1.19),  and  then  setting  each  component  of  Eqs.  (3.17) 
and  (3.20)  along  the  unit  tangent  vectors  equal  to  zero, 
six  equations  of  equilibrium  are  obtained  which  can  be 
written  as 

(a2^1 1 )  *1  +  (o1N21),2  +  °1,2N12  "  a2,lN22 

••  ** 

^  a1a2Q1/R1  +  q i a 2 P i  =  ®i®2^bl^l  t  b 2 B j )  (3.21a) 

( “2N12)  *1  +  ^0iN22^'2  +  01 2 , 1 N  2 1  "  al,2Nll 

+  a]a2^2^2  ^  a i “2^2  =  aia2^iu2  ^  ^2®2^  (3.21b) 

(a2^1  ^  ’1  *  ( 0 1 Q 2 ^  *2  "  ala2^1 1^1  ^22^2^ 

+  °ia2P3  s  ala2^1u3  (3.21c) 

(a2Mn)»i  +  (alM2l)»2  +  a  1 ,2M12  "  a2,lM22 

-  a^a2Q-|  +  *  ctiC^bgU^  +  b^B-j)  (3.21d) 

(a2Mi2^1  +  (“1M22^’2  +  a2 ,1M21  '  °1,2M11 

-  ala2^2  +  °i°2m2  *  aia2^2u2  +  b382^  ( 3 . 21  e ) 

N 1 2  -  N 2 1  2^1  *  Mg-j/Rg  +  mg  *  0 
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(3.22) 


A  remark  Is  In  order  regarding  the  distributed  moment  In¬ 
tensity,  m^,  which  represents  the  applied  couple  about  the 
normal,  measured  per  unit  area  of  the  reference  surface.  The 
order  of  the  differential  equations  of  shell  theory  Is  such 
that  mj  cannot  be  prescribed  arbitrarily.  The  problem  Is  solved 
without  Involving  Eq.  (3.22).  After  the  stress  resultants  at 
every  point  on  the  reference  surface  are  calculated,  then  m^ 
can  be  found  from  Eq.  (3.22),  and  that  value  of  m^,  wanted  or 
not,  represents  the  applied  couple  about  the  normal  at  every 
point  of  the  shel 1 . 

As  will  be  shown  In  the  following  section,  N^>  N21 ,  M12, 
can  be  defined  In  such  a  way  that  m^  Is  automatically  zero. 
If,  however,  a  shell  theory  Is  used  In  which  the  left-hand  side 
of  Eq.  (3.22)  does  not  vanish  identically,  then  the  effect  of 
the  applied  m3  must  be  considered.  In  the  simplest  version  of 
the  classical  theory  of  shells,  It  Is  assumed  that  Nj2  = 
and  M12  =  M2-| ,  so  that 


m3  =  M12(l/R1  -  1/R2) 


(3.23) 


Therefore,  any  shell  which  Is  solved  by  such  a  theory  will  be 
subjected  to  an  extraneous  applied  couple  about  the  normal. 

To  be  sure,  In  most  cases  the  effect  of  such  a  couple  will  be 
small.  However,  for  torsion  and  for  bending  of  a  long  shell 
of  revolution,  the  effect  of  m,  can  become  appreciable. 


IV.  RELATIONS  BETWEEN  STRESS-RESULTANTS  AND  STRAIN 


Let  us  assume  that  the  material  of  the  shell  Is  elastic  and 
possesses  at  every  point  three  mutually  orthogonal  planes 
of  elastic  symmetry  which  coincide  with  the  tangent  planes 
of  the  coordinate  surfaces.  Such  a  material  Is  called 
orthotropic  (see,  for  example,  [4],  p.  67).  In  the 
presence  of  a  temperature  Increment  T,  measured  from  a 
reference  temperature  at  which  the  shell  Is  stress-free, 
the  relations  between  the  components  of  strain  and  stress 
In  an  orthotropic,  elastic  material,  according  to  generalized 
Hooke's  law  ([4],  p.  63),  are  given  by 


ell  ■ 

°11/E1  "  v12°22/E2  '  V13a33/E3  +  alT 

(4.1a) 

e22  * 

"v21°11/E1  +  °22/E2  '  v23°33/E3  +  a2T 

(4.1b) 

*33  " 

"v31°11/E1  "  v32°22/E2  +  a33/E3  +  a3T 

(4.1c) 

2*12  - 

°12/612 

(4.2a) 

2e23  ’ 

°23/S23 

(4.2b) 

2e13  * 

°13/G13 

(4.2c) 

where  Ej  denotes  Young's  modulus  In  the  e.|  direction; 
designates  the  contraction  (Poisson's  ratio)  In  the 
direction,  caused  by  a  positive  normal  stress  In  the 
direction;  Is  the  shear  modulus  In  a  plane  which  Is 
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tangent  to  the  Uj>Cj)  coordinate  surface;  and  a^  Is  the 
coefficient  of  thermal  expansion  ([4].  p.  3S9)  In  the 
direction  produced  by  the  temperature  Increment.  Because 
the  strain-energy  density  function  ([4],  p.  (0)  Is  quadratic 
In  the  components  of  strain,  the  elastic  parameter  matrix 
which  relates  the  components  of  stress  and  strain  In  Eqs. 
(4.1)  Is  symmetric,  and  therefore  we  have  that 


v 1 2/E 2  "  v21/E1 

(4.3a) 

v13/E3  "  v31/E1 

(4.3b) 

v23/E3  "  v32/E2 

(4.3c) 

Owing  to  the  restriction  on 

the  kinematics  of  the  shell 

introduced  by  Eq.  (2.16),  which  means  that  the  points  on  a 
normal  cannot  change  their  relative  positions,  the  stress- 
strain  law  for  the  shell  must  be  such  that  the  stress 
components,  regardless  how  large,  cannot  produce  the  trans¬ 
verse  normal  strain,  e33.  Since  this  must  be  true  for  any 
state  of  stress,  it  follows  from  Eq.  (4.1c)  that 

"31  ’  v32  '  ,/E3  •  *3  *  0  (4-4) 

It  should  be  emphaslied  that  the  aan1sotropya  Introduced  by 
Eqs.  (4.4)  has  no  connection  with  the  material  of  the  site  11, 
but  Is  the  result  of  the  assumption  made  by  Eq.  (2.K).  This 
means  that  regardless  of  what  material  the  shell  Is  made. 
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Poisson's  ratios.  Young's  Modulus,  and  the  coefficient  of 
therMal  expansion  along  the  normal  cannot  be  prescribed, 
but  are  automatically  assigned  the  values  given  by  Eqs.  (4.4). 


After  using  Eqs.  (4.4),  Eqs.  (4.1)  can  be 

the  normal  stress  components  and  written  as 

solved  for 

°11  "  Bllell  4  B 1 2e22  4  A1T 

(4.5a) 

°22  *  8 1 2e 1 1  *  B22e22  4  A2T 

(4.5b) 

where 

*11  '  E1/*'  ‘  w12v21 ^ 

(4.6a) 

*12  ’  v12E1/('  '  v12v21>  ’  v21E 

2/< 1  ‘  v 1 2 v2 1 ^ 

(4.6b) 

&22  *  E 2 / ( 1  v 1 2 v 2 1 ^ 

(4.6c) 

A1  "  *1  4  v12*2 

(4.6d) 

A2  "  *2  •  v21*l 

(4.6e) 

The  transverse  normal  stress,  033,  cannot  be  determined  from 

the  stress-strain  law,  and,  although  It  can  be  calculated 

from  the  stress  equilibrium  equation  In  the  £3  direction. 

It  must  be  admitted  that  after  the  assumption  of  Eq.  (2.16), 

such  a  calculation  Is  not  meaningful. 
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The  relations  between  the  stress-resultants  and  the 
strain  can  now  be  derived  by  substituting  the  components 
of  strain  defined  by  Eqs.  (2.19)  Into  Eqs.  (4.5)  and  (4.2), 
and  the  components  of  stress  Into  the  definitions  of 
stress-resultants  given  by  Eqs.  (3.10).  This  procedure 
yields 


N11  '  Cllell  +  C 1 2 e 2 2  +  Ellkll  +  E12k22  +  H1 

N22  =  C 1 2 e 1 1  +  C22e22  +  E1 2k  11  +  E22k22  +  H2 

M11  =  Ellell  +  E 1 2 e  22  +  D1 1 k  11  +  P12k22  +  H3 

M22  =  E1 2ell  +  E22e22  +  D12kll  +  °22k22  +  H4 

N12  =  F1IY1  +  F12Y2  +  J1 1 6 1  +  °12fi2 

N21  =  F 1 2 Y 1  +  F22y2  +  J126l  +  J2262 

M12  "  J11Y1  +  J12y2  +  K11 6 1  +  K1262 

M21  =  J12y1  +  J22y2  +  K126l  +  K2262 


(4.7a) 

(4.7b) 

(4.7c) 

(4.7d) 

(4.8a) 

(4.8b) 

(4.8c) 

(4.8d) 


Ql  =  E1y13  (4.9a) 

^2  =  E2y23  (4.9b) 


where 


C11  =  /BllS21d53 
C12  =  i  12dc3 
C22  =  i  22S12dc3 
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where  the  notation 


s12  "  (1  +  ^3/rt  >/< 1  +  VR2> 

s21  -  (1  +  c3/R2)/€1  +  Cj/R,) 


(4.11) 


has  been  employed.  These  quantities  can  be  regarded  as  the 
nonzero  elements  of  a  (10,10)  elastic  parameter  matrix  for  a 
shell  which  connects  the  ten  stress  resultants  defined  by 
Eqs.  (3.10)  with  the  ten  strain  measures  defined  by  Eqs.  (2.20). 
The  effect  of  the  temperature  Increment  Is  represented  by 


Hi  -  /AjTO  +  e3/R2)d*3 
H2  -  /A2T(1  +  c3/R1)dc3 

(4.12) 

H3  -  /A,T(1  ♦  {j/RjUjdCj 
H,  ■  / A2T(  1  ♦ 

Eqs.  (4.7),  (4.8),  and  (4.9)  complete  the  system  of 
equations  wh<ch  represents  the  mathematical  model  used  for 
a  shell.  Together  with  Eqs.  (2.20)  and  (3.21),  there  are 
25  equations  containing  25  unknowns,  which  consist  of  10 
stress-resultants,  10  strains,  and  5  displacement  quantities. 
Only  three  assumptions  have  been  used  In  the  derivation  of 
these  equations:  (1)  linear  displacement  field,  as  given  by 
Eq.  (2.14);  (2)  normals  remain  the  same  length,  as  specified 
by  Eq.  (2.16);  and  (3)  replacement  of  the  stress  field  by 
stress  resultants. 
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It  Is  of  Interest  to  examine  the  stress-resultants  when  the 
shell  undergoes  rigid-body  motion.  Substituting  In  Eqs.(4.7)-(4.9) 
the  expressions  for  the  nonzero  strain  measures  given  by 
Eqs.  (2.23),  we  conclude  that  all  stress-resultants  are 
zero  for  rigid-body  motion  If 


F11  -  F12  *  Jll/Rl  '  J12/R2  '  0 


Fj2  "  ^22  ^  J]2^1  ”  ^22^2  *  ® 


(4.13) 


J11  '  J12  +  Kll/Rl  "  K12/R2  “  0 
”  ^22  ^  ^i 2^ri  ”  ^22^R2  *  ® 

From  the  definition  of  the  elastic  parameters  given  by  Eqs.  (4.10), 
It  Is  easily  seen  that  Eqs.  (4.13)  are  Identically  satisfied. 
Moreover,  substitution  of  Eqs.  (4.8)  Into  Eq.  (3.22)  reveals 
that  If  Eqs.  (4.13)  hold,  then  also  the  moment  equilibrium 
equation  about  the  normal,  as  given  by  Eq.  (3.22)  with  m3-0,  Is 
Identically  satisfied. 

In  the  case  when  the  elastic  parameters  Ba8  and 
do  not  vary  with  respect  to  e3,  then  the  Integrals  which  appear 
In  Eqs.  (4.10)  can  be  evaluated  exactly  and  expressed  In  terms 
of  the  following  relations 


/S12dc3  "  zlVRl  +  R2(1  ‘  R2/R1)Z 
/S12*3d53  "  Z1R2(1  ‘  R2/Rl)  +  Z2R2/R1 


(4.14a) 


-  RjO  -  R2/R! )Z 


(4.14b) 


t 


(4.14c) 


/s12e*de3  -  z1r|(i  -  Rz/R})  +  Z2R2(1  -  r2/r1  ) 

+  Z3R2/R1  +  Rg( 1  -  Rg/R, )Z 

where 

Z  -  1 og [ ( 1  +  z2/R2)/(  1  +  Zj/Rg) ] 
and 

z„  .  (,;  -  ij)/. 

for  n  ■  1,2,...  .  The  corresponding  Integrals  of  Sg-j  can 
be  obtained  from  Eqs.  (4.14)  oy  exchanging  the  subscripts 
1  and  2  for  the  radii  of  curvature. 

Eqs.  (4.14),  although  formally  exact,  are  not  suitable 
for  the  calculation  of  the  Integrals,  because  the  leading  terms 
of  the  power  series  expansion  of  the  logarithmic  term,  Z, 
subtract  out  the  larger  of  the  other  terms.  Upon  using  the 
expansion 

Z  ■  l  (-l)n+,Zn/R?  (4.15) 

n»l 

In  Eqs.  (4.14)  and  cancelling  like  terms,  the  Integrals  can 
be  written  as 

/S12dc3  •  Z,  +  (1  -  R2/R, )  l  (-l/R2)n’1Zn  (4.16a) 

n*2 

/S,2c3dc3  •  z2  ♦  (1  -  R2/R,l  l  (-1/R2)n‘2Zn  (4.16b) 

n»3 

/s,2c|dt3  -  Z3  +  (1  -  R2/R,)  j  (-l/R2)n’3Zn  (4.16c) 
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Before  the  actual  calculation  of  the  Integrals  by  means  of 
Eqs.  (4.16),  the  decision  must  be  made  on  the  number  of  terms 
which  are  to  be  retained  In  the  Infinite  series.  It  should  be 
borne  In  mind,  however,  that  the  three  assumptions  which  have 
already  been  used  In  the  derivation  of  the  theory  will  Introduce 
definite  errors  In  the  solution  regardless  how  many  terms  are 
used  In  the  calculation  of  the  Integrals  of  and  Sg-j.  On 

the  other  hand,  If  too  few  terms  In  Eqs.  (4.16)  are  retained, 
then  the  errors  Introduced  In  the  solution  through  Eqs.  (4.16) 
will  exceed  the  errors  of  the  other  three  assumptions.  Thus, 
there  must  be  an  optimum  number  of  terms  which  should  be  re¬ 
tained  In  the  Infinite  series,  so  that  the  truncation  errors 
match  those  of  the  other  three  assumptions.  Unfortunately,  no 
reliable  estimate  of  such  an  optimum  number  of  terms  for  arbi¬ 
trary  shells  with  arbitrary  loads  Is  available,  and  one  Is 
forced  to  make  the  decision  on  the  truncation  of  the  series 
without  regard  to  the  other  three  assumptions.  When  the  series 
In  Eqs.  (4.16)  are  truncated,  It  should  be  done  In  such  a  way 
that  Eqs.  (4.13)  are  satisfied.  This  can  be  shown  to  be  the 
case  when  the  last  terms  retained  In  Eqs.  (4.16)  have  the  same 
value  for  the  Index  n. 
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V.  INTEGRAL  IDENTITIES  IN  SHELL  THEORY 


Solutions  of  the  equations  of  shell  theory  can  be  shown 
to  :at1sfy  a  certain  Identity  from  which  Important  relations 
can  be  obtained.  In  the  theory  of  partial  differential 
equations,  this  Identity  Is  called  Green's  Formula,  and  It 
applies  to  systems  of  differential  operators,  such  as  tnose 
derived  for  shells  In  the  preceding  sections. 

* 

Consider  a  shell  with  a  reference  surface  S,  boundary  B, 
and  a  coordinate  system  £x.  Consider  also  two  sets  of  shell- 
variables  distinguished  by  a  prime  or  the  absence  of  a  prime. 

Let  the  unprimed  variables  be  the  stress-resultants  N  ,M  , 
surface  loads  p,m,  and  acceleration  vectors  u,s,U,B,  which 
satisfy  the  equilibrium  Eqs.  (3.17)  and  (3.20).  The  primed 
variables  consist  of  a  displacement  field,  denoted  by  u*  and 
B ' ,  whose  derivatives,  In  analogy  to  Eqs.  (2.18),  can  be 
written  as 

Jt*l  "  alEll£l  +  a 1 Y 1 *2  +  °1(y13  ‘  b1^3 
-»2  "  °2y2»1  +  °2c22i2  +  a2( Y23  *  e2^3 

(5.1) 

Bm  ■  +  alB2b/Rl 

B,2  -  -“2k22ll  +  °2{ 2^2  +  a2B1  i3/R2 

* 

For  simplicity  of  this  discussion,  It  Is  assumed  that  the  boundary 
of  S  Is  defined  by  coordinate  curves  c  -constant.  All  conclusions 
reached  In  this  section  apply  also  to  an  arbitrary  boundary. 
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It  should  be  emphasized  that  for  the  derivation  of  Green's 
Formula  neither  the  primed  nor  the  unprimed  variables  are 
required  to  be  those  of  a  solution  state  which  would  satisfy 
all  equations  of  shell  theory.  It  Is  merely  required  that 
the  unprimed  variables  be  such  that  they  satisfy  the  equations 
of  equilibrium.  The  primed  displacement  field  need  not  be 
related  In  any  way  to  the  unprimed  variables. 

Green's  Formula  for  the  shel 1 -equations  Is  derived  by 
forming  the  scalar  product  of  the  equilibrium  Eqs.  (3.17) 

•  i 

and  (3.20)  with  u  and  B  ,  respectively,  Integrating  with 
respect  to  d^d^  over  the  reference  surface  of  the  shell, 
using  Integration  by  parts  of  the  form 

ffs^a2~1  ^  *1  '  i  dEld52  "  /“zil  ■  4  dc2  "  Hsa2~l  '  “’ld{l  { 

(5.2) 

and,  finally,  making  use  of  Eqs.  (3.7),  (3.8),  and  (5.1). 

The  final  result  Is  the  Identity 

(is  <s  •  a'  *  a  •  t>ds 

■  (Is  *N11eil  +  N12y1  *  N21T2  *  H22c22  +  MUkU 

♦  M.jii  ♦  ^91^9  +  ^99^99  +  OlTfli  *  Q9Y9^)dS 


where 


p  ■ 

* 

P 

■  bii  •  b2£ 

M  - 

m 

-  b,ii  -  b,8 

2~  3** 

dS  - 

a  1  oi 

2d<ld<2 

The  symbol  Bj  means  that  the  Integration  Is  performed  on  the 
boundary  ^"constant,  and  B2  has  a  similar  meaning. 

For  static  problems,  Eq.  (5.3)  can  be  regarded  as  a  proof 

that  the  equilibrium  Eqs.  (3.17)  and  (3.20)  can  be  derived 

from  the  Principle  of  Minimum  Potential  Energy.  In  order 

to  see  this,  consider  a  shell  which  Is  subjected  to  surface 

*  * 

loads  p,m,  and  edge  loads  N,,Mt  on  a  boundary  c. -constant. 

0^  ^0  A  A 

If  we  define  the  straln-enerny  density  function  by 


2W  ■  Nnen  ♦  N12Yl  +  N21y2  +  N22e22  ♦ 

+  Mj^  +  M2162  *  M22k22  +  ^  1 Y 1 3  +  ^2Y23  (5.4) 

where  the  stress-resul tants  are  expressed  In  terms  of  strains 
by  means  of  Eqs.  (4.7)-(4.9),  and  regard  the  primed  variables 
as  variations  produced  by  a  geometrically  admissible  variation 
of  the  displacement  f1e|d,  then  Eq.  (5.3)  expresses  the  fact 
that  the  variation  of  the  potential  energy,  defined  by 


V  -  JLWdS  -  //c(p  •  u  +  m  •  B)dS 

J  J  **  <v 

-  IB  <ai  •  a  4  •  »>“2dt2  -  •  “  +  M*2  •  (S-5) 
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Is  zero.  Taking  the  variation  of  Eq.  (5.5),  It  can  be  shown 
by  retracing  the  steps  backwards  from  Eq.  (5.3)  that  the  Euler 
equations  of  the  variational  problem  are  Eqs.  (3.17)  and 
(3.20),  and  that  the  boundary  conditions  on  an  edge  e  =  con- 

A 

stant  must  be  such  that  they  satisfy 

I  -  ftx>  •  S'  +  -  Bx>  ■  ■  0  (5-6) 

Bx 

Equation  (5.3)  has  other  Interpretations.  For  example, 
consider  that  the  primed  and  unprimed  variables  In  Eq .  (5.3) 
represent  two  complete  solution  states  which  satisfy  the 
boundary  conditions  given  by  Eq .  (5.6)  and  are  produced  by 
primed  and  unprimed  surface  and  edge  loads,  respectively.  Then 
It  can  be  sl.own,  with  the  use  of  Eqs.  (4.7)-(4.9),  that  the 
first  Integral  on  the  right-hand  side  is  symmetric  in  the 
primed  and  unprimed  variables.  Consequently,  an  equation  sim¬ 
ilar  to  Eq.  (5.3)  can  be  written  with  the  primes  and  unprimes 
exchanged,  and,  upon  subtraction,  the  following  Reciprocal  Re¬ 
lation  obtained 


/  f  ( P  .  u '  -  P '  .  u  +  M  .  B'  -  M'  .  B )ds 

J  J  J  -V  #V  f*  Aj  f*  /V 

2 

+  l  J  (N,  .  u*  -  N'  .  u  +  M,  .  B'  -  M'  .  B )ds  =  0  (5.7) 


Moreover,  for  free-vlbratlon  problems  of  shells,  Eq.  (5.3) 
can  be  used  to  obtain  the  Orthogonality  Relation  for  the  modes 
associated  with  two  different  natural  frequencies.  Let  us 
assume  that  the  primed  and  unprimed  variables  represent  two 
different  solutions  of  the  form 
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U(C1.C2.t)  ■  U1(c1,c2)  t  Wjt 

which  satisfy  all  homogeneous  shr < 1 -equations  and  boundary 
conditions.  Then  the  Orthogonality  Relation  follows  directly 
from  Eq.(5.7)  In  the  form 

(“1  •  -jJ/ZsthlJH  ‘  2ij  4  b2(2,1  *  +  tj  *  Jtl 1  4  b3ll  *  £jldS  "  0 

(5.8) 

where  the  solution  with  a  subscript  1  Is  associated  with  the 
natural  frequency  ,  and  the  solution  with  a  subscript  j  goes 
with  <dj  In  deriving  Eq.  (5.8),  the  Identities 

U  •  B  ■  u  •  6 
****** 

B  •  B  ■  6  •  B 

«  M  N  M 

have  been  employed  which  follow  from  the  vector  Identity 

(a  *  b)  •  (c  «  d)  ■  (a  •  c)(b  •  d)  -  (a  •  d)(b  •  c) 

**  •**  •*  •»  w  <W  •»  %  «  » 

and  Eqs.  (3.15). 
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VI.  BOUNDARY  CONDITIONS 


On  physical  grounds,  the  boundary  conditions  on  an  edge 
of  a  shell,  say  ^.-constant,  must  be  such  that  either  the 
components  of  N^  and  H-|  along  a  unit  tangent  vector  or  the 
components  of  u  and  B  along  the  same  tangent  vector  are 
prescribed.  It  would  simply  be  unreasonable  to  prescribe 
both,  say  N^  and  Ujt  because  It  takes  a  certain  force  N^, 
which  must  be  given  by  the  solution,  to  produce  a  specified 

ur 

Thus,  the  boundary  conditions  on  an  edge  £j=constant 
can  be  stated  as  follows: 

1.  Either  N^-j  or  u-|  prescribed 

2.  Either  N^  or  u2  prescribed 

3.  Either  or  B-j  prescribed 

4.  Either  or  B2  prescribed 

5.  Either  or  u^  prescribed 

Such  boundary  conditions  are  applicable  to  any  other  edge  If 
we  regard  that  the  c-j  coordinate  direction  coincides  with  the 
normal  and  the  c2  direction  with  the  tangent  of  the  boundary 
of  the  shel  1 . 
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These  boundary  conditions  coincide  with  those  which  could 
have  been  derived  from  the  Principle  of  Minimum  Potential 
Energy  and  are  given  by  Eq.  (5.6).  Since  the  primed  variables 
represent  a  geometrically  admissible  variation  of  the  displacement 
field,  they  must  vanish  wherever  displacements  are  prescribed. 
Wherever  the  displacements  are  not  described,  It  follows  from 
Eq.  (5.6)  that  the  components  01  the  stress  resultants  must  be 
specified. 

Because  they  are  derivable  from  a  variational  problem, 
such  boundary  conditions  as  given  above  can  be  called  the 
natural  boundary  conditions .  Together  with  the  governing 
equations  of  the  theory  of  shells,  Eqs.  (2.20),  (3.21),  and 
(4.7)-(4.9),  they  constitute  a  properly  posed  boundary  value 
problem. 
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VII.  LAYERED  SHELLS 


In  addition  to  the  geometric  parameters,  a^o^iRj^t 
which  are  given  with  the  reference  surface,  the  governing 
equations  also  contain  the  material  parameters  which  are 
defined  by  Eqs.  (3.16),  (4.10),  and  (4.12).  The  calculation 
of  the  material  parameters  can  be  simplified  If  It  Is  assumed 
that  the  material  properties  of  the  shell,  represented  by 
p,  B  .,  6  .,  and  A  ,  are  piecewise  constant  with  respect  to 
(l.e.,  constant  In  finite  subintervals  of  the  Interval 
from  ■  Zj  to  C3  ■  Zg).  This  assumption  amounts  to  the 
Introduction  of  layers  in  the  shell-wall  within  which 
the  properties  of  the  material  do  not  change  In  the  c3 
direction. 

Let  us  assume  that  the  shell-wall  consists  of  m  layers 
(see  Figure  10)  whose  bounding  surfaces  are  defined  by 

■  Zy  ,z2,. . .  i »  where  each  zf  (with  1  ■  1,2,...,m*l) 

can  be  a  function  of  and  Cg*  It  Is  assumed  that  the  layers 
are  perfectly  joined  at  the  bounding  surfaces,  so  that  the 
displacement  vector  Is  continuous  within  the  shell-wall. 

It  Is  also  assumed  that  for  layers  of  variable  thickness, 
the  angle  (In  radians)  between  the  normal  of  a  bounding 
surface  of  a  layer  and  the  normal  at  the  corresponding  point 
on  the  reference  surface  Is  much  smaller  than  unity. 
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In  the  calculation  of  the  material  parameters  from 
Eqs.  (3.16),  (4.10),  and  (4.12)  for  such  a  layered  shell, 
the  Integrals  on  the  right-hand  side  of  these  equations 
can  be  replaced  by  a  sum  of  Integrals  which  can  be  evaluated 
exactly  over  every  layer.  For  example,  when  the  density 
of  the  layers  does  not  vary  with  C3  within  each  layer, 
then  the  Inertia  parameters,  defined  by  Eqs.  (3.16),  are 


given  by 

bl  -  ?  pU2|  ♦  O/R,  ♦  1/R2)zJ  ♦  zJ/R1R2]  (7.1a) 

b2  ■  ?  e1[zj  ♦  ( 1/Rj  ♦  1/R2)zJ  ♦  Zj/R^j]  (7.1b) 

b3  +  (1/R1  *  1/R2)Z4  4  Z5/R1R23  (71c) 

where  pi  denotes  the  density  of  the  1-th  layer,  and 

■  ti"»i  •  i">'»  <7  J) 

for  n  ■  1,2,...  . 


For  the  calculation  of  the  parameters  defined  by  Eqs.  (4.10), 
the  exact  Integrals  are  given  by  Eqs.  (4.16).  For  example, 
for  the  first  parameter  of  Eqs.  (4.10),  we  have 

cn  ■,!,•{, 

■  ,!,»!/>  4  «'  •  <7  3> 
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where  the  superscript  1  denotes  the  properties  of  the  1-th 
layer.  The  other  parameters  are  evaluated  by  following 
the  same  procedure.  With  the  notation 


B  ■  I  B1  Z1 
°8n  orn 


'ajn 


l 


i-i 


\*rn 


(7.4a) 

(7.4b) 


the  parameters  defined  by  Eqs.  (4.10)  can  be  written  for 
a  layered  shell  In  the  form 


C 

C 

C 

E 

E 

E 
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0 
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F 
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11 

12 

22 

11 

12 

22 

11 

12 

22 

11 

12 

22 


"in  *  <’  -  W 


B 


121 


B22,  ♦  <’ 


B,12*  <> 


8m" 

«)/Rj)j3M/Ri,n'2B),„ 


*122 

B222  *  *' 
B 1 1 3  *  <’ 
*123 


B223  ♦  <’ 


G  *  (1 
121  ' 


-  ft 


B2/R,)j3(-l/lt2)fl'2B„n 

)/RJ,j4(-l/f.1)"-3Bnn 


•  n- 3 

R2/Ri)  l  (-1/R,)  B„n 

n»4 

«1/R2)j2(-VR,,n'1G)2„ 


'121 


6,21  *  0  -  Rj/R,)  j?(-,/Rj)"-1G,3n 
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(7.5) 


J11  "  6 1 2 2  4  (1  ‘  R1/R2)n|3t -1/Ri  >  6i2n 

Ji2  ■  g122 

Jj2  1  ®122  *  ^  ’  ^2^1  ^  I  ("V^)  ®12n 

. .  n»3 

*11  "  6 1 2 3  *  “  Rl/R2> J/'1/Rl>  612n 

*12  "  6123 

*22  "  6123  *  ’  R2^R1^  I  M/R2)  6j2n 

n»  4 

l,  .  0,„  ♦  (1  -  R,/Rj)  i  (■l/«1)fl-161J„ 

n,< 

L2  "  6231  *  ^  '  R2/Rl^ J2^'1/R2^  623n 

In  order  to  simplify  the  calculation  of  the  thermal 
parameters  given  by  Eqs.  (4.12),  some  assumption  must  be  made 
on  the  distribution  of  the  temperature  within  the  shell  In 
the  direction.  A  simple  form  of  the  temperature  field 
that  can  be  assumed  Is  one  which  Is  linear  In  and  In 
the  1-th  layer  can  be  written  as 

T  ( C  j , C2 , {3)  1  T^(  t  j  .$2)  ^  C 3X^1  ( C 1  ,t2)  (  7 .  ( 

Eq.  (7.6)  Implies  that  the  flux  of  heat  In  the  C3  direction, 
given  by 

f\  •  -  K^T1/^  -  -  (7.7) 

Is  constant  with  respect  to  C3  within  a  layer.  Jn  Eq.  (7.7),  K 

denotes  the  thermal  conductivity  of  the  1-th  layer  In  the  C3 
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direction. 


If  It  Is  assumed  that  no  heat  sources  exist  within 
the  shell-wall  and  that  the  thermal  boundary  conditions  are 


applied  only  to  the  bounding  surfaces  of  the  shell,  we 
must  require  that  the  temperature  and  the  flux  of  heat 
along  the  normal  of  the  reference  surface  are  continuous 
on  the  bounding  surfaces  of  each  layer  within  the  shell. 

These  continuity  conditions  are  given  by 

T»M  ♦  ■  Ti  ♦  <’•«•> 

*i+ith+1  ■  vj  <7-8b> 

where  1  ■  1,2,...,m-1.  The  boundary  conditions  at  (3  ■  Zj 
and  Cj  ■  can  be  either 

TI  ♦  vi  ■  Ti  <7-»*> 

or 

KjTj  -  Fl  (7.9b) 

and  either 

Tj  *  z«*1TH  ■  TU  (»■»«> 

or 


Kn,TS 


(7.9(1) 


where  T^,F^  and  Ty.Fy  denote  prescribed  temperature  and  heat 

flux  on  the  lower  ( c 3  ■  z^)  and  upper  U3  ■  zm+i)  bounding 

surfaces  of  the  shell,  respectively.  Together  with  two 

of  Fqs.  (7.9),  Eqs.  (7.8)  constitute  a  system  of  2m  equations 
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from  which  the  2m  unknowns,  T J  and  T^,  can  be  uniquely 
determined  at  every  point  of  the  reference  surface. 

Thus,  by  assuming  a  linear  distribution  of  temperature 
within  the  shell-wall,  the  temperature  field  Is  completely 
determined  from  the  boundary  and  continuity  conditions. 

In  general,  this  temperature  field  will  violate  the  heat- 
conduction  equation,  and  the  use  of  Eq.  (7.6)  will  Introduce 
errors  In  the  solutions,  which,  just  as  the  other  assumptions 
already  employed  In  this  theory,  will  be  directly  proportional 
to  the  ratio  of  the  thickness  of  the  shell  over  some  charu:ter- 
Istlc  length. 

Assuming  that  the  quantities  and  have  been  determined 
In  every  layer  at  every  point  on  the  reference  surface,  the 
thermal  parameters  for  a  layered  shell  are  given  by 

H1  ♦  <Ti  *  T>2>ZJ  ♦  Ti**/*l] 

H2  ’j/M  *  <Ti  *  Ti'»1>Z*  ♦  T*zj'*|l 

■  (7’10) 

H3  ■|I|»{lTW  ♦  <Ti  *  Ti'VZJ  *  TIZ1/"ZJ 

"«  *  «Ti  *  T*/"l»*3  *  T**^*,! 

Thus  It  has  been  shown  that  If  the  material  properties 

of  the  shell  are  piecewise  constant  with  respect  to  £3. 

then  the  material  parameters  can  be  calculated  from  the 

relatively  simple  formulas  given  by  Eqs.  (7.1),  (7.5),  and 
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(7.10).  Except  for  the  additional  assumption  of  a  linear 
temperature  field,  these  equations  are  still  based  only 
on  the  three  basic  assumptions.  No  further  approximations 
have  been  employed. 

Once  the  boundary  value  problem  of  a  layered  shell  Is 
solved  In  terms  of  the  stress-resultants,  strains,  and 


displacements 

,  the  stresses  In 

the  1 

-th  layer  are 

calculated 

from  Eqs. 

(4. 

5)  and  (4.2)  as 

1 

°11 

■ 

BiVn  + 

B 1 2*22  * 

*1'tA 

♦  «jTi> 

(7.11a) 

1 

°22 

■ 

B 12*1 1  + 

B22*22  + 

A2(T* 

♦  ‘3TJ> 

(7.11b) 

1 

°12 

■ 

6 1 22e 1 2 

(7.11c) 

1 

°23 

■ 

G232e*23 

(7. lid) 

1 

°1 3 

■ 

G132e13 

(7. lie) 

where  the  components  of  strain  are  given  by  Eqs.  (2.19). 

Clearly,  If  the  elastic  properties  In  the  layers  are  not 
the  same,  then  the  stresses  will  not  be  continuous  on  the 
bounding  surfaces  of  the  layers.  This  Is  acceptable  as  far 
as  the  In-plane  stress  components,  an<*  °12*  are 

concerned.  However,  a  discontinuity  of  the  transverse  shear 
stresses,  0^3  and  a^,  violates  the  condition  that  the  stress 
vector  must  be  continuous  across  a  contact  surface.  This 
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violation  Is  a  direct  consequence  of  the  assumption  that  the 
stress  field  can  be  replaced  by  stress-resultants.  For  this 
reason,  the  transverse  shear  stresses,  as  given  by  Eq.  (7.11  d,e), 
must  be  regarded  as  the  average  stresses  within  a  layer. 


VIII.  A  METHOD  OF  SOLUTION  OF  SHELL  EQUATIONS 


In  order  to  solve  the  boundary-value  problem  of  a 
shell,  defined  by  the  system  of  Eqs .  (2.20),  (3.21), 

(4.7)-(4.9),  and  the  boundary  conditions  of  Section  VI. 
two  approaches  can  be  employed.  One  approach  uses  elimin¬ 
ation  of  the  dependent  variables  from  the  systea  of  equations, 
so  that  one  or  more  equations,  each  of  which  contains  only 
one  unknown,  are  obtained.  The  solution  of  the  boundary- 
value  problem  Is  based  on  the  solutions  of  these  uncoupled 
equations.  Unfortunately,  such  uncoupled  equations  have 
been  derived  only  for  a  few  slaple  shell -configurations , 
which  are  limited  to  constant  material  properties  over 
the  reference  surface  of  the  shell. 

The  second  approach  Is  applicable  to  a  auch  larger  class 
of  shell-configurations,  for  which  the  geoaetrlcal  and 
material  propftles  as  well  as  the  applied  surface  loads  can 
vary  In  any  manner  over  an  arbitrarily  selected  reference 
surface.  This  approach  is  based  on  a  method  of  solution  (see  [5]) 
of  boundary-value  problems  which  are  governed  In  a  two- 
dimensional  region  S,  defined  by  a^  L  ly  L  *nd  §g  I  I 
by  a  system  of  differential  equations  stated  In  the  form 

iy/Hj  ■  FUltc2,  y.Jy/Uj.^y/Uj..  •  )  (8.1) 
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In  Eq.  (8.1),  y  =  yU-j,^)  denotes  a  (k,l)  column  matrix 
whose  elements  are  the  k  unknown  dependent  vari ables, and 
F  denotes  k  linear  functions  In  y  and  Its  derivatives 
with  respect  to  arranged  as  elements  of  a  column  matrix. 
In  this  formulation,  Is  a  preferred  coordinate,  along 
which  the  solution  is  expected  to  vary  more  rapidly  than 
along  the  s2  coordinate. 


Although  the  second  approach  admits  any  natural  boundary 
conditions  on  the  edges  of  S,  it  has  been  successfully  applied 
to  cases  ([5],  [6],  and  [7])  when  the  boundary  conditions 
can  be  stated  In  the  form 


Tfl (?2)y(®^ .c2) 

■  ua(t2> 

(8.2a) 

-  ub(t2) 

(8.2b) 

y ( c -j  ,a2) 

=  y ( £ i  *^2 ) 

(8.2c) 

The  elements  of  the  (k,k)  matrices,  Ta  and  Tb,  are  specified 
by  the  statement  o~  he  boundary  conditions  on  the  coordinate 
curves  ■  a^  and  e2  ■  «2,  resPect^ ve^y »  and  ufl,ub  are  (k.l) 
column  matrices  which  contain  k/2  prescribed  elements. 

The  last  condition,  Eq.  (8.2c),  Is  a  continuity  condition 
on  the  coordinate  curves  c2  ■  a2  an<*  r  ~  2'  resPect* vely • 

As  explained  In  [5],  the  solution. of  the  boundary- value 
problem  Is  reduced  to  the  solution  of  certain  Initial  value 
problems  which  are  governed  by  the  system  of  Eqs.  (8.1). 
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The  object  of  this  section  Is  to  show  how  Eqs.  (8.1)  can  be 
derived  for  the  shell  theory  given  In  this  paper. 

First  of  all,  It  Is  necessary  to  decide  how  many  of 
the  25  variables  appearing  In  the  governing  equations 
should  be  Included  In  Eqs.  (8.1).  This  can  be  answered 
by  noting  that  since  five  boundary  conditions  must  be 
prescribed  on  one  edge  of  the  shell,  the  governing  system 
of  equations  Is  of  tenth  order.  This  means  that  the  system 
of  Eqs.  (8.1)  must  represent  ten  equations  in  ten  unknowns. 

It  is  convenient  to  choose  the  ten  unknowns,  henceforth 
called  fundamental  variables,  as  those  quantities  which 
sfi '  in  the  natural  boundary  conditions  on  an  edge  £.j  = 
constant,  because  then  the  boundary  conditions  are  stated 
exclusively  In  terms  of  the  fundamental  variables.  Thus, 
for  the  shell  theory  of  this  paper,  the  following  fundamental 
variables  are  selected:  ui »u2 »u3 »0i »e2 ,N1 1 ,N12 ’^1 ,M1 1 *M12 * 

For  the  solution  of  the  Initial-value  problems,  which 
are  defined  In  [5],  the  system  of  Eqs.  (8.1)  must  be  In  a 
form  from  which  the  derivatives  of  each  of  the  fundamental 
variables  with  respect  tot]  can  be  calculated  at  any  point 
In  S  from  known  fundamental  variables,  their  derivatives 
with  respect  to  surface  loads,  and  geometrical  and 
material  properties  of  the  shell.  The  calculation  of  such 
derivatives  of  the  fundamental  variables  with  respect  to 


can  be  carried  out  by  means  of  the  following  five  steps: 

1  •  Find  ^22*  Y2 »  ^22*  ^2*  ^23  ^ Eqs. 

(2.20b,d,f ,h,j) . 

2.  Solve  for  e^,  k^,  y-j ,  6j,  y^  from 
Eqs.  (4.7a,c),  (4.8a,c),  (4.9a). 

3.  Find  ^22*  ^22*  ^21*  ^21*  Q  2  Eqs. 

(4. 7b ,d) ,  (4. 8b ,d) ,  (4.9b). 

4.  Find  the  derivatives  of  u-j ,  Ug.  6-j.  &2*  u3 
from  Eqs.  (2.20a,c,e,g,1) . 

5.  Find  the  derivatives  of  N^,  N^»  Qj »  Mn  » 
from  Eqs.  ( 3. 21  a ,b ,c ,d ,e) . 

Thus  It  Is  seen  that  the  governing  equations, as  given 
by  Eqs.  (2.20),  (3.21),  and  (4.7)-(4.9),  are  already  In  a 
form  which  Is  equivalent  to  Eqs.  (8.1),  and  the  suggested 
five  steps  merely  provide  a  systematic  sequence  for  carrying 
out  the  computation  of  tne  derivatives  of  fundamental  variables. 
If  the  calculation  Is  arranged  In  this  order,  then  at  every 
step  the  quantities  needed  in  the  equations  are  either  known 
or  have  been  calculated  at  a  preceding  step.  It  should  be 
noted  that  all  twenty-five  equations  have  been  utilized,  and 
that  since  no  additional  differentiation  has  been  applied  to 
the  equations,  no  derivatives  of  the  aiaterlal  properties  of 
the  shell  or  the  radii  of  curvature  are  needed  In  the  calculation. 
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IX.  CLASSICAL  THEORY  OF  SHELLS 


Perhaps  the  most  commonly  used  theory  of  shells  In 
engineering  practice  Is  one  which  In  addition  to  the  three 
assumptions  employed  In  the  preceding  sections  also  assumes 
the  following: 

1.  Points  on  a  normal  of  a  reference  surface 
before  deformation  remain  on  a  normal  of 
the  deformed  reference  surface. 

2.  The  terms  c3/R  .  appearing  In  Eqs.  (2.19),  (3.16), 
(4.11),  and”3 ( 4?  12),  are  set  equal  to  zero. 

Such  a  theory  Is  called  the  classical  theory  of  shell s . 

The  first  assumption  means  that  the  transverse  shear 
stress,  oj3,  023*  regardless  how  large,  cannot  produce 
any  transverse  shear  strain,  e^,  eg*.  Within  the  concept 
of  our  mathematical  model  for  an  orthotropic  material,  as 
given  by  Eqs.  (4.1)  and  (4.2),  this  can  be  achieved  by 
settl ng 

1/Gn  -  1/G23  »  0  (9.1) 

Again,  It  must  be  emphasized  that  Eq.  (9.1)  has  nothing  to  do 
with  the  actual  material  of  the  shell,  but  Is  Imposed  by  the 
kinematic  constraint  used  In  the  theory.  Consequently, 

It  follows  from  Eqs.  (4.2b,c)  that 


1S1 


e13  ■  e23  ■  0 


and  from  Eqs.  (2.19d,e)  and  (2.201,j)  that 


u3,l^al  "  *VR1  +  61  =  0 


u3,2^a2  "  U2^R2  +  e2  =  0 


The  second  assumption  means  that  the  ratio  of  the 


(9.2a) 


(9.2b) 


thickness  of  the  shell  over  the  minimum  radius  of  curvature 


must  be  negligible  with  respect  to  one.  For  a  layered  shell, 
this  means  that  In  the  calculation  of  the  material  parameters 
only  the  first  terms  on  the  right-hand  side  of  Eqs.  (7.1), 
(7.5),  and  the  first  two  terms  In  Eqs.  (7.10)  are  retained. 


Thus,  It  follows  from  Eqs.  (4.10)  .that 


F11  *  F12  B  F22 


Jll"  J12  "  J22 


Kll’  *12  "  *22 


(9.3) 


and  from  Eqs.  (4.8)  that 


**12  ’  **21 


**12  "  **21 


(9.4) 


Consequently,  the  second  assumption  wl  11  make  the  stress- 
resultants  such  that  theyBaynot  satisfy  the  slith  equation 


of  equilibrium,  Eq.  (3.22)  with  m^  =  0.  Similarly,  the  stress 
resultants  may  not  vanish  for  rigid-body  motion.  Although  In 
most  cases  the  effects  of  these  violations  will  be  small,  the 
presence  of  an  extraneous  surface  couple  should  be  understood. 

The  first  assumption  has  a  direct  effect  on  the  boundary 
conditions  which  must  be  prescribed  on  an  edge  of  the  shell. 
For  example,  if  on  the  edge  ^  =  constant  Ug  and  u^  are  pre¬ 
scribed,  then  it  is  obvious  from  Eq.  (9.2b)  that  b2  cannot  be 
prescribed  independently.  Thus,  according  to  the  classical 
theory,  only  four  boundary  conditions  can  be  prescribed  on  an 
edge.  This  means  that  the  system  of  equations  is  of  eighth 
order  and  that  the  boundary-value  problem  can  be  stated  in 
terms  of  eight  first-order  differential  equations  and  eight 
fundamental  variables. 

It  can  be  shown  on  physical  grounds  ([8],  op.  55-58)  that 
according  to  the  mathematical  model  used  in  the  classical 
theory,  the  following  boundary  conditions  are  appropriate: 

1.  Either  or  prescribed 

# 

2.  Either  or  u?  prescribed 

3.  Either  Qj  or  prescribed 

4.  Either  or  0j  prescribed 
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The  effectl  ve  shear  resultants ,  and  Q-j  •  are  defined  by 

N i g  =  2  "*■  M 1 2 ^ ^ 2  (9.5a) 

Q*  “  Q1  +  M12,2/a2  (9’5b) 

The  same  conclusion  can  be  obtained  from  Eq.  (5.6)  with  x  =  2 
by  replacing  6^  from  Eq.  (9.2b)  and  Integrating  the  u^  2  term 
by  parts  with  respect  to  d c 2 ■  After  collecting  the  factors 
of  u^  and  u£»  Eqs.  (9.5)  are  obtained. 

It  Is  also  customary  In  classical  theory  to  say  that 
the  "rotatory  Inertia"  term  [the  terms  with  6  In  Eq.  (3.17) 
and  B  In  Eq.  (3.20)]  and  the  surface  moment  vector,  m,  are 
negligible.  This  Is  a  reasonable  assumption  but  Is  applicable 
only  when  the  reference  surface  Is  the  "middle"  surface  of 
the  shell.  For  an  arbitrary  reference  surface,  however.  In 
order  to  have  the  effect  of  the  load  and  Inertia  terms  Independ¬ 
ent  of  the  location  of  the  reference  surface,  these  terms 
should  not  be  neglected. 

The  system  of  Eqs.  (8.1)  which  Is  needed  for  the  solution 

of  the  boundary-value  problem  of  a  shell  by  classical  theory 

can  be  formulated  In  terms  of  the  following  eight  fundamental 

•  • 

variables:  Uj ,  Ug,  Uj,  N^,  N^»  Qj»  In  order  to 

calculate  the  derivatives  of  these  variables  with  respect 
to  (j,  the  procedure  given  In  the  preceding  section  must 
be  modified. 
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Since  N ^ 2 •  M] 2  and  62  are  no  ^on9er  amon9  the 
variables,  we  must  first  combine  Eqs.  (4.8a)  and  ( 
the  form 

N 1 2  =  ( ^  ]  +  ^1 1 / ^2 ^ Y 1  +  ^12  *  ^12^R2^2 

( J 1 1  ^11/82^1  ^  J 1 2  ^  ^12^R2^2 

Then,  differentiation  of 

62  =  u2^R2  "  u3,2^°2 

with  respect  to  use  of  the  Codazzl  Eq.  (1.21b) 
substitution  Into  Eq.  (2.20g)  yields 

{1  *  u2 ,1 /alR2  +  fi3 

where 

ala2B3  *  a2  1^^R1  ”  1/^2^u2 

’u3 ,21  *  a2,lu3,2/o2  '  °1,2b1 

Now,  the  substitution  of  from  Eq.  (2.20c)  and  6 
Eq.  (9.8a)  Into  Eq.  (9.6),  and  the  solution  for 

u2 , 1  "  A^12  4  (F11  4  J11/R2*al  ,2u1/al°2 
-  <J11  ♦  *1 i/*2>*3  *  (f,2  ♦  Ji?/R2)> 
-  (J12  ♦  K 12/W2 ) *2 1 

A  •  ^/(fu  ♦  2Jn/*2  ♦  kii/*2) 
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fundamental 
.8c)  In 


(9.6) 

(9.7) 
and 

(9.8a) 


(9.8b) 

from 
j  gives 

2 

(9.9) 


where 


The  equations  of  equilibrium  must  also  be  modified, 
so  that  the  derivatives  of  the  effective  shear  resultants  are 
obtained.  We  must  first  solve  Eq.  ( 3 . 2 1 e )  for  Qg,  and 
eliminate  it  from  Eqs.  (3.21b,c).  After  making  use  of 
Eq.  (1.21b),  the  final  expressions  are  given  by 

<*2^12  i  =  a 2  i^/^i  “  1  / R£ ) M 1 2  ”  2oi2  1^12  ”  (“1^22)  *2 
+  a1>2Nll  •  (“iM22) ’2/R2  +  al ,2M1 1 /R2 
-  a  1 a 2 ^ P 2  ^  m2^2  "  ^1  ^  b2^B2^2  "  ^b2  ^  ^2/^2) 

(9.10a) 


a2Q*.l 


*  a2  iQ]  *  al °2^1 1  ^B1  ^  ^22^7) 


-  B,^  -  a 1 a 2 ^ 3  +  ala2blu3 


(9.10b) 


vnere 


a2B  "  2o2,1M12  *  (“1M22) *2  "  °1,2H11 


♦  °1°2"2  '  al°2^b2u2  *  b3B2^ 


(9.11) 


The  sequence  of  calculetlon  of  the  derivatives 
of  the  fundamental  variables  for  the  classical  theory 
Is  as  follows: 


1.  Find  e22»  y2»  @2 *  k22  *  62  from  Eqs#  (2*2ob»d) 

(9.7),  (2.20f,h). 

2.  Find  c  1 1 ,  k^,  63  from  Eqs.  (4.7a,c),  (9.8b). 

3.  Find  u2  j  from  Eq.  (9.9). 

4.  Find  ,  6 1  from  Eqs.  (2.20c),  (9.8a). 

5.  Find  u-j  -|,  6 1  -|,  1  from  Eqs.  (2.20a,e),  (9.2a). 

6.  Find  N22,  M22,  M^2  from  Eqs.  (4.7b,d),  (4.8c). 

7.  Find  Nl2,  Q1#  B  from  Eqs.  (9.5),  (9.11). 

*  * 

8*  Find  N  ^  ^  j  t  1*  2  j  1  C|  |  ^  f  row  Eqs.  (3*21  a  id)  i 

(9.11). 

After  eliminating  the  derivatives  with  respect  to  c2 
either  by  separation  of  variables  [5]  or  by  substitution 
of  finite-difference  expressions  [7],  the  derivatives  of 
the  fundamental  variables  with  respect  to  can  be  used 
to  solve  Initial-value  problems  from  (j  •  a^  to  Cj  ■  bj. 

Then,  on  the  basis  of  the  method  explained  In  [5], 

the  solution  to  the  boundary-value  problem  of  a  shell  can  be 

obtained. 
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PART  II.  COMPUTER  PROGRAMS  FOR  THE  ANALYSIS  OF  THIN. 

ELASTIC  SHELLS  OF  REVOLUTION. 

I.  OPERATION  OF  COMPUTER  PR06RAMS 

1 .  Introduction 

Three  separate  computer  programs  for  the  analysis  of 
thin,  elastic  shells  of  revolution  mill  be  described  In  this 
part  of  the  report: 

1.  Static  Program,  for  stress  analysis  of  shells  of 
revolution  subjected  to  arbitrary  surface,  edge,  and 
/or  thermal  loads. 

2.  Axlsymmetrlc  Eigenvalue  Program,  for  f ree-vibratlon 
and  stability  analysis  of  shells  of  revolution 
subjected  to  axlsymmetrlc  prestress. 

3.  Nonsymmetrlc  Eigenvalue  Program,  for  free-vlbratlon 
and  stability  analysis  of  shells  of  revolution 
subjected  to  nonsymmetrlc  prestress. 

The  governing  equations  employed  In  all  three  of  the 
computer  programs  are  Eqs.  (3.36)  -  (3.64)  listed  In 
Section  3,  Chapter  II,  of  Part  I  of  this  report.  The 
multlsegment,  direct  numerical  Integration  method,  described 
In  Chapter  V  of  Part  I  of  this  report.  Is  used  to  solve  all 
boundary  value  problems  arising  In  the  analysis. 

The  computer  programs  are  applicable  to  the  analysis 
of  thin,  elastic  shells  which  are  symmetric  about  one 
straight  axis,  henceforth  called  the  axis  of  symmetry.  The 
requirement  of  symmetry  Include:  all  geometric  as  veil  as 
physical  parameters  of  the  shell.  All  properties  of  the  shell 
must  be  Identical  at  all  points  on  any  one  latitude  circle  , 
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which  Is  defined  as  the  Intersection  of  the  shell  with  a 
plane  perpendicular  to  the  axis  of  symmetry.  However,  the 
properties  of  the  shell  can  have  arbitrary  variations 
(Including  discontinuities)  along  the  meridian  of  the  shell, 
which  Is  the  curve  of  Intersection  of  the  reference  surface 
of  the  shell  and  a  plane  passing  through  the  axis  of  symmetry. 

The  reference  surface  of  the  shell  need  not  be  the  middle 
surface,  but  can  be  any  arbitrary,  continuous  surface  of 
revolution.  The  shell  material  can  be  distributed  about  the 
reference  surface  In  any  arbitrary  manner.  One  admissible 
geometry  of  the  shell  Is  shown  In  Figure  1. 

The  Static  and  Axlsymmetrlc  Eigenvalue  Programs  can 
admit  discontinuities  In  the  normal  of  the  reference  surface, 
when  proceeding  along  the  meridian.  An  example  of  such  a 
discontinuous  normal  Is  the  joint  A  of  the  cylindrical  and 
conical  shell,  as  shown  In  Figure  1.  The  Nonsymmetrlc 
Eigenvalue  Program  cannot  admit  such  a  discontinuous  normal. 

The  material  of  the  shell  can  be  either  isotropic  or 
orthotropic,  with  the  principal  axes  of  elastic  symmetry 
coinciding  with  the  principal  axes  of  the  reference  surface. 

The  wall  of  the  shell  can  consist  of  a  number  of  layers 
having  different  physical  properties,  such  as  the  elastic 
parameters,  coefficients  of  thermal  expansion,  and  mass  density. 
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FIGURE  1.  EXAMPLE  OF  SHELL  ANALYZED  BY  PROGRAMS 


'  “  •l*n’  *'Wi 


The  Static  and  the  Axl symmetric  Eigenvalue  Programs 
can  adult  axlsynstetrlc  skirts,  henceforth  called  Branches . 
which  are  attached  to  a  Main  Shell .  The  Nonsymmetrlc 
Eigenvalue  Program  cannot  adult  any  Branches.  A  typical 
Branch  and  Main  Shell  are  shown  In  Figure  1. 

2.  Procedure  for  Selecting  Input  Data 

Before  the  preparation  of  the  input  data,  the  following 
Items  should  be  considered. 

1 .  Reference  Surface 

After  the  meridional  section  of  a  shell  of  revolution 
Is  given,  a  Reference  Surface,  henceforth  called  the  RS, 
must  be  chosen.  The  significance  of  the  RS  for  our  analysis 
lies  In  the  fact  that  the  stress  resultants  are  attached  to 
and  the  loads  are  applied  at  the  RS,  and  the  displacement 
components,  calculated  by  the  programs,  are  those  of  the  RS. 

The  RS  can  be  chosen  as  any  convenient  surface  of 
revolution.  It  must  be  continuous  for  the  whole  shell.  It 
should  be  selected  In  such  a  way  that  the  Interval  along 
the  normal  of  the  RS  which  lies  wholly  within  the  shell 
material  Is  as  small  as  possible.  The  RS  should  be  situated 
In  such  a  way  that  It  lies  as  close  to  the  midpoint  between 
the  two  bounding  surfaces  of  the  shell  as  possible. 
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The  most  Important  feature  of  having  an  arbitrary  RS, 
which  need  not  be  the  middle  surface  of  the  shell.  Is  that 
the  RS  for  various  portions  of  the  shell  can  be  defined  as 
algebraically  descrlbable  surfaces  for  which  all  the 
geometric  properties  can  be  automatically  calculated  by  the 
program.  For  example.  If  the  meridional  section  of  the 
shell  Is  as  shown  In  Figure  2,  It  Is  much  easier  to  draw  the 
meridian  of  the  RS  as  consisting  of  a  straight  line  and  a 
circle,  which  correspond  to  cylindrical  and  toroidal  surfaces, 
rather  than  to  find  the  "middle  surface"  of  such  a  shell. 

The  shell  thickness,  of  course,  would  be  variable  along  the 
meridian  of  the  RS,  but  that  can  be  easily  measured  and 
Input  Into  the  program. 

At  the  present  time,  the  geometrical  properties  of 
seven  shell  types  are  automatically  calculated  by  the  program: 

1.  Cylindrical 

2.  Spherical 

3.  Paraboloidal 

4.  Ellipsoidal 

5.  Conical  (Including  a  flat  plate) 

6.  Toroidal 

7.  Hyperbololdal 

Any  other  types,  for  which  formulas  for  the  radii  of 
curvature  are  known,  could  be  easily  added.  If  these  shell 
types  are  used  to  construct  the  shell,  then  the  Input  data 
Is  very  simple,  because  only  a  few  constants  and  the 
beginning  and  the  end  of  the  shell  must  be  defined. 

Our  approach  practically  eliminates  the  need  for  a 
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CYLINDRICAL  RS 


FIGURE  2.  EXAMPLE  FOR  SELECTING  REFERENCE  SURFACE 
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"general  shell  of  revolution" ,  for  which  the  geometrical 
properties  must  be  calculated  and  Input  at  a  discrete  number 
of  pivotal  points  along  the  meridian.  Not  only  would  such 
a  procedure  make  the  Input  much  more  complicated,  but  the 
geometric  properties  between  the  pivotal  points  would  have 
to  be  obtained  by  means  of  Interpolation,  and  therefore 
they  would  not  describe  the  shell  exactly.  However,  the 
programs  also  Include  the  provision  for  a  General  Shell,  just 
In  case  a  need  for  It  arises. 

2.  Main  Shell  and  Branches 

When  the  meridian  of  the  axially  symmetric  RS  is  known, 
a  continuous  portion  of  It,  bounded  by  two  latitude  circles, 
must  be  selected  as  the  Main  Shell,  as  shown  In  Figure  1. 

The  skirts,  which  can  be  attached  at  one  point  of  the  Main 
Shell  and  must  terminate  with  their  own  latitude  circles, 
are  then  designated  as  Branches.  A  number  of  Branches  are 
allowed.  Every  one  of  them  must  be  attached  to  the  Main 
Shell  at  one  point,  but  not  to  each  other.  It  should  be 
remembered  that  the  Nonsymmetrlc  Eigenvalue  Program  does 
not  admit  any  Branches. 

3.  Shell  Edges 

The  RS  of  the  shell  must  be  bounded  by  a  number  of 
circular  edges.  Two  of  them  belong  to  the  Main  Shell  and 
the  rest  to  Branches.  One  of  the  edges  of  the  Main  Shell  is 


designated  as  the  Starting  Edge,  froa  which  the  Integration 
Is  begun.  As  a  rule,  the  Starting  Edge  aust  be  that  one 
which  can  restrict  the  shell  froa  rigid-body  notion.  This 
aeans  that  for  axlsyaisetrlc  cases,  when  the  Fourier  wave 
nuaber  n>0.  It  aust  not  be  possible  to  aove  the  Starting 
Edge  parallel  to  the  exls  of  syaaetry  without  any  resistance. 
Slallarly,  for  bending  cases,  when  n*1.  It  oust  not  be 
possible  to  rotate  the  Starting  Edge  about  any  line 
perpendicular  to  the  axis  of  synmetry  without  any  resistance. 
For  ni2,  no  rigid  body  requirements  have  to  be  met. 

Once  a  Starting  Edge  Is  selected,  the  other  edge  of  the 
Main  Shell  Is  named  the  Final  Edge.  The  edges  of  the  Branches 
are  called  Branch  Edges. 

4.  She! 1  Parts 

The  meridian  of  the  Main  Shell  and  Branches  Is  divided 
Into  a  number  of  Parts .  which  are  selected  In  such  a  way 
that  some  shell  properties,  shell  type,  and/or  loads  are 
constant  over  each  Part.  For  example,  portions  of  the  shell 
which  are  cylindrical,  spherical,  paraboloidal,  ellipsoidal, 
conical,  toroidal,  or  hyperbololdal  should  always  be  named 
as  separate  Parts,  because  formulas  for  their  radii  of 
curvature  are  already  In  the  program  and  need  not  be  Input 
at  every  point  along  the  meridian.  Any  portions  of  the 
shell  with  different  but  constant  parameters,  such  as 


thickness,  elastic  properties,  or  loads,  should  be  made 
separate  Parts. 

The  division  Into  Parts  peralts  easier  description  of 
Input  parameters,  because  within  each  Part  some  of  the 
properties  (shell  type,  thickness,  loads,  etc.)  could  be 
constant,  but  different  from  another  Part.  The  Input  cards 
for  each  Part  are  read  for  one  Part  at  a  time,  and  data 
cards  describing  each  Part  have  Identical  formats. 

A  Branch  must  be  always  made  a  separate  group  of  Parts. 

The  shell  Is  made  up  of  all  the  Parts,  put  together 
In  the  order  In  which  they  are  read  In.  Part  No.  1  begins 
with  the  Starting  Edge  of  the  Main  Shell.  Last  Part  ends 
with  the  Final  Edge  of  the  Main  Shell.  When  a  Branch  is 
reached,  the  Parts  of  the  Branch  must  com®  first,  and  then 
the  Naln  Shell  continued. 

5.  Shell  Segments 

The  mul tlsegment  method  of  direct,  numerical  Integration 
requires  the  Integration  of  Initial  value  problems  over 
sufficiently  short  meridional  segments  of  the  shell.  We 
have  already  achieved  some  segmentation  through  the  Introductl 
of  Parts.  However,  the  meridian  of  each  Part  may  still  be 
too  long,  so  that  each  Part  must  be  further  subdivided  Into 
Segments .  The  lengths  of  the  Segments  within  each  Part  are 
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the  same.  In  order  to  very  Segment  lengths  over  the  shell, 
separate  Parts  aust  be  defined. 

The  lengths  of  Segaents  aust  be  estlaated  only 
approxlaately .and  It  Is  advisable  to  use  shorter  Segaents  rather 
than  longer  ones.  An  estlaate  of  the  length  £  of  a  Segaent 
Is  approxlaately  given  by 

Jt  ■  m 

where  h  Is  the  average  wall  thickness,  and  R  Is  the  average 
alnlaua  radius  of  curvature. 

After  the  solution  Is  calculated,  two  Items  Indicate 
whether  the  Segments  have  been  chosen  too  long: 

1.  The  solution  at  the  end  of  a  Segment  does  not 
match  the  solution  at  the  beginning  of  the  following 
Segment  within  a  desired  degree  of  accuracy. 

2.  The  number  of  Integration  points,  printed  out 
together  with  the  Initial  value  Integration  results, 
exceeds  250.  This  number  Is  only  printed  If  NPRT=1. 

The  first  Item  reflects  also  general  overall  accuracy  of  the 

solution,  which  Is  as  accurate  as  the  continuity  between 

segments  and  the  satisfaction  of  the  boundary  conditions. 

6.  Boundary  Condi tlons 

The  boundary  conditions  at  the  circular  edges  of  the 
shell  are  given  by  code  numbers  which  Identify  the 
prescribed  fundamental  variables.  The  code  numbers  are: 
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i 

t 

1  for  w;  2  for  Q;  3  for  u^;  4  for 

5  for  0.  ;  6  for  H. ;  7  for  ua;  8  for  N 

I 

where  w,  end  u.  denote  the  displacement  components  of  the 

♦  ® 

RS  In  the  normal ,  Meridional,  and  circumferential  dirt-lions, 
respectively;  Q,  ,  and  N  are  forces  per  unit  length  s* 
circumference  In  the  normal,  meridional,  and  circumferential 
directions,  respectively;  designates  the  angle  of  rotation. 

In  radians,  cf  the  normal  In  the  meridional  direction;  and 
Is  the  meridional  bending  moment,  per  unit  length  of 
circumference.  Positive  directions  on  leading  and  trailing  edges  of 
all  fundamental  variables  are  shown  In  Figure  3.  According 
to  shell  theory,  the  boundary  conditions  must  be  such  that  i 

either  w  or  Q,  u.  or  N.,  e .  or  MA,  and  u.  or  N  are  prescribed 
on  each  edge. 

In  some  shell  problems  the  prescribed  variables  on  the 
edges  are  not  the  displacement  and  force  components  along 
the  normal  and  meridional  tangent  of  the  RS,  but  rather  the 
corresponding  components  rotated  within  the  meridional  plane; 
l.e.,  the  plane  which  contains  the  axis  of  symmetry.  The 
Static  and  Axlsymmetrlc  Eigenvalue  Programs  admit  such  rotated 
boundary  conditions,  while  the  Nonsymmetrlc  Eigenvalue 
Program  does  not. 

If  rotated  boundary  conditions  on  an  edge  are  employed, 
then  the  code  numbers  for  boundary  variables  are  assigned 
as  follows: 
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NORMAL 

I*#  n 


1  for  ; 


2  for  Q1 ; 


3  for  u2; 


4  for  Q2 

5  for  6  6  for  M,;  7  for  un;  8  for  N 

9  r  v 

where  u^,  and  u2,  Q2  are  the  displacement  and  force 
components  along  two  mutually  orthogonal  directions  In  the 
meridional  plane. 


7.  Meridional  Coordinate 

The  coordinate  for  Identifying  points  on  the  meridian 
of  the  RS  of  each  Part  can  be  either  the  arclength  s, measured 
along  the  meridian, cr  the  angle  f  between  the  normal  of  the 
RS  and  the  axis  of  symmetry.  The  type  of  the  shell  within 
a  Part  determines  which  one  of  the  two  coordinates  must 
be  used.  For  example,  a  conical  shell  uses  s,  while  a  toroidal 
shell  uses  f. 

The  meridional  coordinate  In  each  Part  can  have  a 
different  origin.  The  Parts  are  automatically  joined 
together  In  the  order  In  which  they  are  read  In  on  the  Input 
cards,  without  any  regard  to  the  meridional  coordinate  In 
each  Part.  As  a  rule,  the  meridional  coordinate,  s  or  4, 
must  be  always  positive,  and  at  the  beginning  of  each  Part 
It  must  have  a  smaller  value  than  at  the  end.  The  Integration 
can  only  be  carried  out  In  the  positive  direction  of  the 
meridional  coordinate. 

For  those  Parts  for  which  f  Is  the  meridional  coordinate. 
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It  may  be  sometimes  necessary,  owing  to  the  orientation  of 
the  Part,  to  Integrate  from  a  larger  9  to  a  smaller  9. 
According  to  the  above  rule,  this  cannot  be  done.  To  admit 
such  cases,  a  Direction  Index  Is  Introduced,  which,  when  set 
equal  to  -1.0,  reverses  the  direction  of  measuring  9  for  that 
particular  Part.  This  results  In  a  smaller  value  of  9  at 
the  beginning  edge  of  the  Part,  and  the  Integration  can 
be  carried  out. 

8.  Loads 

The  external  loads  which  produce  stresses  and 

displacements  In  the  shell  can  consist  of  mechanical  loads, 

applied  either  on  the  RS  or  the  edges  of  each  Part,  and/or 

thermal  loads,  which  are  defined  by  a  prescribed  temperature 

distribution  over  the  two  bounding  surfaces  of  the  shell. 

The  edge  loads  on  the  terminal  edges  of  the  shell  appear  as 

prescribed  stress  resultants,  Q,  IT  ,  Mit  N,  In  the  boundary 
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conditions,  while  the  loads  at  the  end  of  each  Part  are 
specified  as  Ring  Loads  on  a  special  Input  card. 

The  Ring  loads.  If  given  nonzero  values  for  a  Part,  mean 
that  there  will  be  a  discontinuity  In  the  stress  resultants 
between  the  end  of  the  Part  and  the  beginning  of  the  following 
Part.  The  discontinuity  Is  equivalent  to  the  effect  of  an 
Imaginary  ring  which  Is  Inserted  at  the  end  of  the  Part  and 


subjected  to  the  stress  resultants  Q,  N.,  M.,  and  N,  regarded 
now  as  Ring  Loads.  The  positive  signs  of  these  Ring  Loads 
are  the  same  as  the  positive  signs  of  Q,  ,  M^,  and  N  at 

the  end  of  the  Part  for  which  they  are  given. 

The  Ring  Loads  can  only  be  applied  at  the  end  of  a  Part. 

If  necessary,  the  point  on  the  meridian  at  which  Ring  Loads 
are  applied  should  be  made  the  end  of  a  Part.  The  loads  at 

the  end  of  the  last  Part  of  either  a  Main  Shell  or  a  Branch 

should  not  be  specified  as  Ring  Loads,  but  rather  as  prescribed 
boundary  conditions. 

External  loads  appear  cnly  In  the  Static  Program.  The 
shell  Is  free  of  any  external  loads  In  the  cases  considered 
by  the  Eigenvalue  Programs. 


If  the  loads  have  circumferential  variation,  they  must 
be  first  expanded  In  a  Fourier  series,  and  the  problem  Is 
solved  for  each  set  of  Fourier  coefficients  separately. 
Thus,  the  surface  loads  must  be  expanded  as 
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and  the  edge  loads  as 
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For  the  definition  of  the  load  parameters,  the  reader  should 
consult  Section  2,  Chapter  II,  of  Part  I  of  this  report. 

All  the  load  series  are  summed  over  some  selected  list 
of  Integer  circumferential  wave  numbers,  denoted  by 
n*ni .ng. . . . .n^.  The  list  should  be  such  that  the  series 
reasonably  represent  the  given  circumferential  variations 
of  each  load  at  a  selected  number  of  discrete  points  on  tne 
meridian.  The  top  and  bottom  trigonometric  functions  In  the 
curly  brackets  Indicate  that  each  of  the  series  can  have  cosine 
as  well  as  sine  terms. 

The  set  of  Fourier  coefficients  of  all  the  loads, 
corresponding  to  one  wave  number  n^  and  either  the  top  or 
bottom  trigonometric  function,  constitute  the  external  loads 


for  one  separate  problem.  If  such  external  loads  for  one 
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wave  number  are  used  as  Input,  the  output  represents  the 
Fourier  coefficients  of  each  fundamental  variable  with  the 
same  wave  number  n^ . 


As  many  such  separate  problems  must  be  solved  as  the 
largest  number  of  terms  appearing  In  the  load  series.  After 
the  solutions  for  all  the  wave  numbers  are  calculated,  the 
complete  solution  of  the  problem  Is  given  by  the  following 
Fourier  series  expressions 
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It  should  be  understood  that  the  Fourier  coefficients 
of  the  loads  produce  the  corresponding  coefficients  of  the 
solution,  with  the  same  circumferential  wave  number  n^  and 
either  the  top  or  bottom  trigonometric  function.  The  solution 
Is  not  automatically  added  together  by  the  program,  but  such 
an  addition  can  be  easily  carried  out  after  each  Fourier 
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component  of  the  solution  Is  calculated  and  printed  out  along 
the  meridian.  It  should  be  also  remembered  that  the  program 
does  not  find  the  Fourier  coefficients  of  a  given  load 
distribution  along  the  latitude  circles.  This  must  be  done 
separately,  before  using  the  Static  Program. 


9.  Rules  for  Selectl ng  Shell  Parameters 


Owing  to  the  many  kinds  of  combinations  of  shell  types 
which  may  be  used  to  construct  a  shell,  certain  rules  must  be 
observed  for  the  selection  of  the  normal,  the  direction  of  <|>, 
and  the  sign  of  the  meridional  radius  of  curvature  R  . 


The  following  steps  are  recommended  for  the  selection 
of  shell  parameters: 

1.  After  the  Starting  Edge,  Main  Shell,  and  Branches 
are  determined,  the  direction  of  Integration  should 
be  Indicated  and  the  Parts  numbered  for  the 
construction  of  the  shell.  Part  No.  1  must  start 
with  the  Starting  Edge.  When  meeting  a  Branch, 

the  Parts  of  the  Branch  must  come  first,  and  only 
then  the  Main  Shell  continued.  The  direction  of 
Integration  begins  at  the  Starting  Edge  and 
proceeds  continuously  over  the  whole  shell. 

2.  The  direction  of  the  normal  should  be  selected  In 
Part  No.  1.  Then  the  normal  In  the  remaining  Parts 
must  be  such  that  8*  Is  positive  In  the  same  direction 
for  all  Parts  at  every  juncture.  (See  Figure  3  for 
the  sign  of  6^.) 

3.  The  angle  4  must  be  measured  In  all  Parts  from  a 
line  which  Is  parallel  to  the  axis  of  symmetry, 

and  It  must  be  measured  always  In  the  same  direction, 
either  clockwise  or  counterclockwise. 

4.  The  algebraic  sign  of  R^  should  be  selected  according 
to  the  following  rule:  If  the  normal  points  away 
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from  the  center  of  curvature  of  the  meridian,  then 
Ra  Is  positive;  If  It  points  toward  the  center  of 
curvature,  then  Is  negative. 

The  geometry  of  the  shell,  as  used  In  the  program, 
requires  that  the  following  two  rules  always  be  satisfied: 

1.  If  the  Integration  over  a  region  of  a  Part  proceeds 
toward  the  axis  of  symmetry,  then  cos*  over  that 
region  must  be  negative;  If  It  proceeds  away  from 
the  axis  of  symmetry,  then  cos*  must  be  positive. 

2.  If  the  normal  points  away  from  the  axis  of 
symmetry,  then  sin*  must  be  positive;  If  It 
points  toward  the  axis  of  symmetry,  then  sin* 
must  be  negative. 

After  the  direction  of  normal  and  *  for  each  Part  a»*e  selected, 
these  two  rules  must  be  checked.  If  they  are  not  satisfied, 
the  results  will  not  be  correct. 

An  example  of  properly  selected  normals  and  the 
measurement  of  *  Is  shown  In  Figure  4. 

10.  D1 rectlon  Index 

Whenever  the  direction  of  Integration  In  a  Part  Is  such 
that  the  meridional  coordinate  *  goes  from  a  larger  value  to 
a  smaller  value,  then  the  Direction  Index  must  be  set  equal 
to  -1.0.  Such  a  situation  occurs  In  Part  No.  5  for  the  shell 
shown  In  Figure  4.  This  Part  Is  a  toroidal  shell,  and  It 
starts  at  *  *  270°  and  ends  at  *  *  180°.  Such  a  situation 
Is  not  allowed,  because  Integration  must  proceed  In  the 
positive  direction  of  *. 
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BRANCH 
EDGE  NO.  I 


CURVATURE 


BRANCH  EDGE  NO.  2 


FI6URE  4.  EXAMPLE  FOR  SELECTING  SHELL  PARAMETERS 
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By  setting  the  Direction  Index  equal  to  -1.0,  the 
direction  of  measuring  4  Is  reversed  for  the  purpose  of 
defining  the  beginning  and  end  of  the  Part.  Thus,  for 
Part  No.  5  In  Figure  4,  the  beginning  coordinate  Is  ♦■90° 
and  the  final  coordinate  Is  $=180°,  If  the  Direction  Index 
Is  -1.0. 


It  should  be  emphasized  that  the  Direction  Index  affects 
only  the  meridional  coordinate  4  for  defining  the  two  edges  of 
the  Part.  It  does  not  affect  the  angle  <p  which  Is  used  to 
calculate  s1n<|>  and  cos<|>.  For  Part  No.  5  In  Figure  4,  4 
must  still  be  regarded  as  being  between  270°  and  180°,  where 
s1n$  and  cos$  are  both  negative.  Since  the  Integration  does 
proceed  toward  the  axis  of  symmetry  and  the  normal  does  point 
toward  the  center  of  curvature  (Point  C  In  Figure  4),  negative 
signs  for  both  s  1  n and  cos<t>  are  correct.  It  should  also 
be  remembered  that  for  Part  No.  5  must  be  Input  as  a 
negative  number. 

1 1 .  Solution  Near  the  Axis  of  Symmetry 

The  point  where  the  meridian  crosses  the  axis  of  symmetry 
Is  a  singular  point  In  the  differential  equations,  and  It  cannot 
be  Included  In  any  Part.  In  order  to  analyze  a  Part  which  Is 
actually  closed  on  the  axis,  a  small  hole  must  be  Inserted  about 
the  axis  of  symmetry.  The  opening  of  the  hole  should  be  about 

three  thicknesses  of  the  Part,  or  approximately  2  degrees. 
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12.  Initial  Selection  of  Eigenvalue  Parameter 

The  Eigenvalue  Programs  find  for  one  given  wave  number 
all  eigenvalues  within  a  specified  Interval  of  the  eigenvalue 
parameter,  which  Is  Input  through  the  Eigenvalue  Card.  A 
characteristic  determinant  Is  evaluated  within  this  Interval 
at  a  given  number  of  steps,  and  the  eigenvalues,  at  which  the 
determinant  Is  zero,  are  found. 

Our  procedure  requires  the  approximate  estimate  of 
where  the  eigenvalues  are  for  each  wave  number.  If  no  such 
estimate  Is  available,  the  following  procedure  for  the  free 
vibration  analysis  Is  recommended.  Two  values  of  the  eigen¬ 
value  parameter  are  selected  and  the  solution  obtained  at 
these  values.  The  mode  shapes  are  always  printed  out  for 
each  value  of  the  eigenvalue  parameter,  and  they  represent  the 
solution  to  a  forced,  steady  state  vibration  problem,  where 
the  forcing  function  Is  the  first  prescribed  variable  at 
the  Final  Edge,  which  Is  only  zero  at  an  eigenvalue.  All 
other  boundary  conditions  are  zero  automatically  for  any  value 
of  the  eigenvalue  parameter. 

Such  a  forced  vibration  solution  can  reveal  the  location 
of  the  eigenvalue  parameter  with  respect  to  the  eigenvalues 
of  the  system.  The  simplest  way  to  estimate  the  location  Is 
to  count  the  number  of  nodes  In  the  normal  displacement  w. 

Fjr  example.  If  for  a  given  eigenvalue  parameter  the  forced 
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vibration  solution  shows  three  nodes  In  w,  then  that  particular 
eigenvalue  parameter  lies  between  the  third  and  fourth  mode. 

This  procedure  Is  not  foolproof,  because  In  the  vicinity 
of  longitudinal  modes  the  node  count  In  w  starts  again  from 
zero.  However,  If  several  eigenvalue  parameters  are  triad, 
this  procedure  will  provide  a  good  estimate  on  the  location 
of  the  eigenvalue  parameter. 

The  same  procedure  can  be  employed  for  the  stability 
problems,  where,  of  course,  only  the  lowest  eigenvalue  for 
each  wave  number  Is  of  Interest.  It  should  be  pointed  out 
that  the  lowest  buckling  mode  could  have  either  zero  or  one 
node  In  w,  depending  on  the  problem.  A  safe  procedure  Is  to 
examine  the  whole  range  of  the  eigenvalue  parameter  below  an 
accepted  eigenvalue. 

Moreover,  for  stability  problems  the  object  Is  to  find 
also  that  wave  number  at  which  the  eigenvalue  Is  the  lowest 
one.  This  means  that  a  selected  list  of  wave  numbers  must 
be  tried  until  a  minimum  Is  found.  The  selection  of  this 
list  must  be  based  on  experience,  and  no  definite  procedure 
can  be  recommended  at  this  time. 
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3.  Description  of  Input  Data  Cards 

Schematic  diagrams  of  the  arrangement  of  data  cards  for 
each  of  the  three  computer  programs  are  shown  In  Figures  5 
and  6.  The  Input  cards  are  Identified  by  name.  In  the 
descriptions  of  each  data  card.  Included  In  this  section,  It 
Is  Indicated  In  which  program  the  card  Is  applicable.  For 
brevity,  the  Static  Program  Is  designated  as  SP,  the 
Ax 1  symmetric  Eigenvalue  Program  as  AEP,  and  the  Nonsymmetrlc 
Eigenvalue  Progrisn  as  NEP. 

The  F  format  In  the  following  descriptions  of  the  data 
cards  Is  Indicated  as  F10.0,  which  does  not  correspond  exactly 
with  that  In  the  program.  This  difference  Is  of  little 
significance,  because  In  most  computer  systems  the  decimal 
point  for  F  formats  can  be  put  anywhere  as  long  as  the 
floating  point  number  fits  within  the  total  field,  which  In 
this  case  Is  10. 

The  word  "case"  pertains  to  one  shell  geometry  and  one 
given  prestress.  Several  "subcases"  can  be  run  from  the  same 
geometry  and  prestress.  For  the  Static  Program,  each  subcase 
Is  defined  as  the  solution  for  one  set  of  Fourier  coefficients 
of  all  loads.  Including  one  set  of  boundary  conditions, 
corresponding  to  one  given  wave  number.  For  the  Axl symmetrl c 
Eigenvalue  Program,  a  subcase  Is  the  solution  for  one  wave 
number  and  a  set  of  boundary  conditions.  For  the  Nonsymmetrlc 
Eigenvalue  Program,  a  subcase  Is  the  solution  for  one  set  of 
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FIGURE  5.  SCHEMATIC  OF  DATA  CARDS  FOR  ONE  CASE  FOR 
STATIC  PROGRAM 
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wave  numbers,  which  are  selected  to  participate  In  the  solution, 
and  one  set  of  boundary  conditions. 

The  Input  card  descriptions,  given  next,  are  followed 
by  the  Illustrations  of  the  eight  shell  types  from  which  the 
whole  shell  can  be  constructed,  and  the  definitions  of  shell 
parameters  pertaining  to  each  shell  type. 


Control  Card 


Application  -  SP,  AEP,  NEP. 

Number  of  consecutive  cards  >  one  per  case. 


Variables 

Format 

Columns 

Description 

IBRM 

15 

1-5 

Total  number  of  Parts  (not  more 
than  20). 

ISTK 

15 

6-10 

If  ISTK-1 ,  stress  resultants  are 
printed.  If  ISTK-0,  stresses 
are  printed.  If  ISTK-2,  both 
are  printed.  Not  used  In  NEP, 
where  stresses  are  not  calculated. 

NBR 

15 

11-15 

Total  number  of  Branches  (not 
more  than  3).  Not  used  In  NEP. 

NXT 

15 

16-20 

Total  number  of  subcases  for  this 
case.  See  discussion  elsewhere 

In  this  Section. 

IVB 

15 

21-25 

For  stability  analysis,  set  IVB«1. 
For  free  vibration,  set  I VB-0 . 

Not  used  In  SP. 

NPRT 

15 

26-30 

If  NPRT«0,  then  Intermediate  results 
are  not  printed.  If  NPRT-1,  they 
are  printed.  Ordinarily,  set 

NPRT*0.  See  Comments. 

NPRE 

15 

31-35 

Wave  number  of  prestressed  state. 

For  NEP  only. 

Comments: 


1.  The  Intermediate  results  consist  of  all  parameters  at  the 
beginning  and  end  of  each  Part,  Initial  value  Integrations, 
determinants  of  all  Inverted  matrices,  and  the  values  of 
the  fundamental  variables  at  ends  of  segments.  These 
Items  are  useful  only  If  something  has  gone  wrong,  and 
their  evaluation  requires  the  understanding  of  the  theory 
of  Chapters  IV  and  V  of  Part  I. 
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Rotation  Card 


Application  -  SP,  AEP. 

Number  of  consecutive  cards  *  one  per  case. 


Variables 

Format 

Columns 

Descrl ptlon 

ALFL 

F10.0 

1-10 

Angle  of  rotation.  In  degrees,  of 
displacements  and  forces  pre¬ 
scribed  on  Starting  Edge. 

ALFR(I) 

4F10.0 

11-50 

Same  on  Final  and  Branch  Edges. 

Comments: 


1.  If  this  card  Is  left  blank,  then  prescribed  displacements 
and  forces  on  edges  are  normal  and  tangential. 

2.  ALFR(l)  refers  to  Final  Edge,  ALFR(2)  to  Branch  Edge  No.  1, 
ALFR(3)  to  Branch  Edge  No.  2,  etc. 

3.  For  rotated  boundary  conditions,  the  prescribed  variables 
are  either  u-j  or  Qj ,  and  U£  or  Q?.  as  shown  In  Figure  7. 

See  also  the  discussion  In  Item  o,  Section  2,  Chapter  I, 
of  Part  II  of  this  report. 

4.  The  rotated  variables  on  a  given  edge  are  related  to  the 
fundamental  variables  by  the  equations 


u-,  >  wcosa  -  u  slna 

1  9 

u2  >  wslna  +  u  cosa 


Q-i  *  Qcosa  -  N  sina 

I  9 

Q2  *  Qslna  +  N  cosa 


where  a  Is  the  angle  of  rotation  given  on  this  card. 
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She! 1  Dimension  Card 


Application  -  SP, 

AEP ,  NEP. 

Number  of 

consecutive  cards 

■  one  per  Part. 

Variables 

Format 

Columns 

Description 

SI 

F10.0 

1-10 

Meridional  coordinate  of 
beginning  of  this  Part. 

SX 

F10.0 

11-20 

Meridional  coordinate  of  end  of 
this  Part. 

I  PAR 

15 

21-25 

Number  of  Segments.  See  Comments. 

INS 

15 

26-30 

Number  of  output  points  within 
one  Segment. 

ISS 

15 

31-35 

Shell  type  code  number.  See 

Shell  Parameter  Card  description. 

NTP 

15 

36-40 

Identifies  whether  this  Part 
belongs  to  a  Main  Shell  or 

Branch.  Not  used  In  NEP. 

MLY 

15 

41-45 

Number  of  layers  (not  more  than  4) 

Comments : 


1.  Set  NTP-0,  If  this  Part  belongs  to  Main  Shell.  Set  NTP-1 , 
If  It  belongs  to  a  Branch.  For  the  last  Part  in  a  Branch, 
set  NTP*2.  If  Branch  has  only  one  Part,  set  NTP-2. 


2.  The  maximum  number  of  segments,  over  all  Parts,  Is  now  100. 
There  Is  no  specific  limit  on  the  number  of  segments  In  any 
one  Part,  as  long  as  100  over  all  Parts  Is  not  exceeded. 
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Shell  Parameter  Card 


Application  -  SP,  AEP,  NEP. 


Number  of  consecutive  cards  ■  one  per  Part. 


Variables 

Format 

Columns 

Descrl ptlon 

VN(  1 ,1 ) 

F10.0 

1-10 

Thickness,  for  reference  only. 

Not  used  In  any  calculations. 

VN(I,2) 

F10.0 

11-20 

VN( I ,3) 

F10.0 

21-30 

Shell  parameters.  See  definitions 
for  each  type  of  shell  below. 

VN( I ,4) 

F10.0 

31-40 

IL2 

15 

41-45 

If  IL2-0,  then  all  shell  param- 

eters  are  constant  along  meridian. 
Otherwise,  112-number  of  variable 
parameters.  Not  used  in  NEP,  where 
all  shell  parameters  must  be  con¬ 
stant. 


Comments : 


1.  Shell  type  code  numbers  and  shell  parameters  for  each  type 
of  shell  are  assigned  as  follows: 
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T  ■ 

t 

Shell  Type 

ISS 

VH (1,2) 

VN(I,3) 

VN(  I 

.4) 

Cylindrical 

2 

R 

4  deg. 

Blank 

Spherical 

3 

R 

Blank 

Direction 

Index 

Paraboloidal 

4 

2P 

Blank 

D1 rectlon 

Index 

1 

Ellipsoidal 

5 

A 

B 

Direction 

Index 

! 

i 

Conical 

6 

9  deg. 

A 

Blank 

Toroidal 

7 

A 

B 

Direction 

Index 

General 

8 

1/R4 

R 

9  deg. 

i 

Hyperbolol dal 

9 

A 

B 

Direction 

Index 

2.  For  the  symbols  appearing  In  above  Table,  see  Shell  Type 
Descriptions  In  this  Section.  For  Direction  Index,  see 
Item  10,  Section  2,  Chapter  I,  of  Part  II. 

3.  When  using  spinning  shell,  set  INORN-1  and  give  mass 
density,  through  RHO,  on  Elastic  Parameter  Card. 

4.  The  only  variable  shell  parameters  are  those  for  a  General 
Shell  No.  8. 

5.  Cylindrical  Shell  No.  2  should  only  be  used  If  Its  thickness 
and  elastic  parameters  are  constants  over  this  Part.  If 
they  are  not,  use  General  Shell  No.  8,  with  the  following 
parameters : 

1/R  -0;  R»mean  radius;  ♦■90°  or  270° 

9 
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Variable  Parameter  Card 


Application  -  SP,  AEP, 

Number  of  consecutive  cards  =  one  per  Part.  This  card  should 
be  Inserted  only  If  I L2 > 0  on  Shell  Parameter  Card. 


Varl ables 

Format 

Columns 

Descriptl on 

IFG(I.l) 

15 

1-5 

Code 

shell 

number  of  first  variable 
parameter.  See  Comments. 

IFG ( 1 ,2) 

15 

6-10 

Same 

of  second  variable  parameter 

I FG ( 1 ,3) 

15 

11-15 

Same 

of  third  variable  parameter. 

IL1 

15 

16-20 

Code 

number  of  FGEN  set  used  for 

first  variable  shell  parameter. 


Comments : 


1.  The  only  possible  variable  shell  parameters  are  for  General 
Shell  No.  8.  The  code  numbers  are  as  follows: 

2  for  1/R.;  3  for  r;  4  for  $ 

2.  As  many  IFG's  must  be  given  as  IL2  on  Shell  Parameter 
Card.  Example:  If  r  and  4  vary  along  the  meridian,  then 
IL2-2  on  Shell  Parameter  Card,  and  IFG(I,1)=3,  IFG(I,2)=4. 

I FG ( 1 ,3)  Is  left  blank. 

3.  I L 1  designates  the  code  number  of  the  first  of  IL2  FGEN 
sets,  by  which  the  IL2  variable  shell  parameters  are  read. 
Immediately  following  the  Variable  Parameter  Card. 

•*.  The  values  of  the  variable  parameters,  entered  on  Shell 
Parameter  Card,  are  used  for  reference  only. 
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Elastic  Parameter  Card 


Application  -  SP,  AEP ,  NEP 

Number  of  consecutive  cards  ■  as  many  as  the  number  of  layers 

(MLY),  starting  with  Layer  No.  1. 
One  such  set  per  Part. 


Variables 

Format 

Columns 

Description 

B11 

F10.0 

1-10 

Isotropic  -  Young's  modulus 
Orthotropic  -  E^/(l-^vfl) 

B12 

F10.0 

11-20 

Isotropic  -  Poisson's  ratio 
Orthotropic  -  v^E^/(l-v^ve) 

B22 

F10.0 

21-30 

Isotropic  -  Blank 

Orthotropic  -  Ee/(l-v^ve) 

B66 

F10.0 

31-40 

Isotropic  -  Blank 

Orthotropic  -  Gif 

♦  9 

All 

F10.0 

41-50 

Coefficient  of  thermal  expansion. 
In  meridional  direction.  Not 
used  In  AEP  and  NEP. 

AL2 

F10.0 

51-60 

Coefficient  of  thermal  expansion 
In  cl  rcumferentlal  direction. 

Not  used  In  AEP  and  NEP. 

RHO 

F10.0 

61-70 

Mass  density  of  material.  For  SP 
used  only  If  spinning  shell  Is 
analyzed.  Not  used  for  stability 
analysis. 

IL1 

15 

71-75 

If  I L 1 -0 ,  then  all  elastic 

farameters  are  constant  In  this 
ayer.  For  variable  elastic 
parameters,  see  Comments. 


Comments : 

1.  An  Isotropic  layer  Is  Identified  by  setting  B22-0.0. 
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1 


2. 


♦  0 


Young's  modulus  In  meridional  direction. 

Young's  modulus  In  circumferential  direction. 

Poisson's  ratio  (contraction)  In  4  direction 
produced  by  normal  stress  In  e  direction. 

Poisson's  ratio  (contraction)  In  e  direction  produced 
by  normal  stress  In  <t>  direction. 

shear  modulus  In  <*,e  plane. 


Note  that  v.E.  ■  vaEa 
9  9  0  0 


3.  If  IL1-+N,  then  N  designates  the  code  number  of  the  first 
of  six  FGEN  Card  sets,  by  which  variable  Bll,  B12,  B22, 
B66,  AL1,  AL2  are  read.  In  that  order,  Immediately  after 
the  Elastic  Parameter  card  of  an  orthotropic  layer. 

4.  If  IL1>-N,  then  N  designates  the  code  number  of  one  FGEN 
set,  by  which  Young's  modulus  Is  read  Immediately  after 
the  Elastic  Parameter  card  of  an  Isotropic  layer. 
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Z-Coordlnate  Card 


Application  -  SP,  AEP,  NEP. 

Number  of  consecutive  cards  =  one  per  Part. 


Varl ables 

Format 

Columns 

Descrl ptlon 

ZLY(I.l) 

F10.0 

1-10 

ZLY(I,2) 

F10.0 

11-20 

Z-coordlnates  of  the  bounding 

ZLY(I,3) 

F10.0 

21-30 

„  surfaces  of  layers,  measured 
from  the  Reference  Surface. 

ZLY (1,4) 

F10.0 

31-40 

See  Figure  8. 

ZLY (1,5) 

F10.0 

41-50 

J 

IL2 

15 

51-55 

If  IL2=0,  all  Z's  are  constants 

For  variable  Z's,  see  Comments. 


Comments : 


1.  Note  that  the  Z-coordlnates  In  the  negative  Z  direction 
must  be  negative  numbers  (Z-j  and  Z ^  In  Figure  8  are  negative). 

2.  The  number  of  Z-coordlnates  used  equals  the  number  of 
layers  (MLY)  plus  one.  Leave  the  unused  ones  blank. 

3.  If  IL2=+N,  then  N  designates  the  code  number  of  the  first 
of  MLY+1  (number  of  layers  plus  one)  FGEN  sets  by  which 
the  MLY+1  variable  Z  coordinates  are  read.  Immediately 
following  the  Z-coordlnate  card. 

4.  If  Z's  are  variable,  then  the  Z's  entered  on  Z-coordlnate 
card  are  used  for  reference  only. 


225 


Prestress  ID  Card 


Application  -  AEP  and  NEP  only. 


Number  of  consecutive  cards  -  one  per  Part. 


Variables 

Format 

Columns 

Description 

IBRT 

15 

1-5 

Nuiiiber  of  Part,  for  reference 
only. 

NTR 

15 

6-10 

Total  number  of  points  at  which 
Prestress  Is  given  In  this  Part. 

LCST 

15 

11-15 

Indicates  whether  prestress  Is 
constant,  zero,  or  variable. 

See  Comments. 

Comments : 


1.  When  counting  the  number  of  points  for  NTR,  end  points 
must  be  Included. 

2.  If  prestress  Is  constant  over  this  Part,  set  LCST ■ - 1 

and  NTR>2.  Then  the  constant  prestress  must  be  given  at 
the  beginning  and  end  of  this  Part  on  Prestress  Cards. 

3.  If  prestress  Is  zero  In  this  Part,  set  LCST-0.  No  NTR 
need  be  given,  so  that  Prestress  ID  Card  can  be  a  blank. 
Prestress  cards  must  not  be  Inserted. 

4.  If  prestress  Is  variable  In  this  Part,  set  LCST - 1 . 
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Prestrtss  Card 


Application  -  AEP  and  NEP  only. 

Number  of  consecutive  cards  >  as  many  as  NTR.  One  set  per 

Part.  Should  not  be  Inserted 
when  LCST-0  on  Prestress  ID  Card. 


Variables 

Format 

Columns 

Description 

S 

F20.0 

1-20 

Meridional  coordinate 

PAR(l) 

F20.0 

21-40 

Meridional  membrane  stress 
resultant,  N  ,  of  prestressed 
state.  ’ 

PAR  ( 2 ) 

F20.0 

41-60 

Circumferential  membrane  stress 
resultant,  N0. 

PAR ( 3 ) 

F20.0 

61-60 

Effective  membrane  shear  stress 
resultant,  N.  Not  used  In  AEP. 

Comments : 


1.  The  meridional  coordinate  Identifies *the  location  on  the 
meridian,  at  which  the  prestress  variables  apply. 

2.  S  on  the  first  card  must  equal  SI  and  S  on  the  last  card 
must  equal  SX,  as  given  on  Shell  Dimension  Card. 

3.  Prestress  ID  and  Prestress  Cards  can  be  punched  directly 
by  the  Static  Program. 
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Wive  Number  Card 


Application  -  SP  only. 

Number  of  consectlve  cards  ■  one  per  subcase. 


Variables 

Format 

Columns 

Description 

NX 

15 

1-5 

Wave  number  for  prescribed 
loads. 

NPCH 

15 

6-10 

If  NPCH>0,  cards  with  prestress 
variables  of  solution  will  not 

be  punched.  If  NPCH-1,  they 
will  be  punched.  If  prestress 
variables  are  to  be  punched, 

I  STIC  on  Control  Card  oust  be 
1  or  2. 

Comaients : 


1.  The  punched  cards  can  be  used  directly  as  Input  for  AEP 
and  NEP. 

2.  If  NX  Is  Input  as  a  positive  number,  then  the  loads 
correspond  to  the  upper  trigonometric  function  as  used 
In  Item  8,  Section  2,  Chapter  I,  of  Part  II.  If  NX  Is 
Input  as  a  negative  number,  then  the  loads  correspond  to 
the  lower  trigonometric  function. 
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Eigenvalue  Card 


Application  -  AEP  and  NEP. 

Number  of  consecutive  cards  ■  one  per  subcase. 


Variables 

Format 

Columns 

Description 

OMZER 

F10.0 

1-10 

Starting  value  of  eigenvalue 
parameter . 

DELON 

F10.0 

11-20 

Increment  In  eigenvalue  param¬ 
eter. 

0MF1N 

F10.0 

21-30 

Final  value  of  eigenvalue  pa¬ 
rameter. 

NFIN 

15 

31-35 

Number  of  eigenvalues  desired. 

NX 

15 

36-40 

Have  number  for  AEP.  For  NEP: 
lowest  wave  number  which  Is 
selected  to  participate  In  the 
solution. 

KT 

15 

41-45 

For  NEP  only.  Number  of  Fourier 
components  used  In  solution. 

Have  numbers  for  these  components 
will  start  with  NX  and  will  be 
multiples  of  NPRE  given  on  Con¬ 
trol  Card. 

Comments : 

1.  OMZER  and  0MF1N  represent  the  limits  of  the  Interval  of 
eigenvalue  parameter,  Mlthln  which  eigenvalues  will  be 
searched. 

2.  Programs  will  calculate  the  first  NF1N  eigenvalues.  If 
they  actually  occur  within  this  Interval. 
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Boundary  Condition  Cird  -  Starting  Edge 


Application  -  SP,  AEP 

Number  of  consecutive  cards  ■  one  per  subcase. 


Variables 

Format 

Columns 

Description 

IA(1) 

15 

1-5 

Code  number  of  first  prescribed 
variable  on  Starting  Edge. 

GA(1) 

F10.0 

6-15 

Its  prescribed  value. 

U(2) 

15 

16-20 

Second  prescribed  variable. 

GA(2) 

F10.0 

21-30 

Its  prescribed  value. 

IA(3) 

15 

31-35 

Third  prescribed  variable. 

6A(3) 

F10.0 

36-45 

Its  prescribed  value. 

1 A  ( 4 ) 

15 

46-50 

Fourth  prescribed  variable. 

GA(4) 

F10.0 

51-60 

Its  prescribed  value. 

Constants: 

1.  For  code  numbers  of  prescribed  variables  see  Item  6. 
Section  2,  Chapter  I,  of  Part  II. 

2.  Remember  that  the  prescribed  edge  loads  are  actually  the 
Fourier  coefficients  for  a  given  wave  number  NX. 
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Boundary  Condition  Card  -  Final  or  Branch  Edges 


Application  -  SP,  AEP 

Number  of  consecutive  cards  ■  as  many  as  Branches  plus  one.  One 

set  per  subcase. 


Variables 

Format 

Columns 

Description 

IB(l.K) 

15 

1-5 

Code  number  of  first  prescribed 
variable  on  Final  or  Branch  Edge 

GB(I.K) 

F10.0 

6-15 

Its  prescribed  value. 

IB(2.K) 

15 

16-20 

Second  prescribed  variable. 

GB(2,K) 

F10.0 

21-30 

Its  prescribed  value. 

I B  ( 3 ,  K ) 

15 

31-35 

Third  prescribed  variable. 

GB(3,K) 

F10.0 

36-45 

Its  prescribed  value. 

IB(4,K) 

15 

46-50 

Fourth  prescribed  variable. 

6B(4 ,K) 

F10.0 

51-60 

Its  prescribed  v&lue. 

Comments : 


1.  The  first  card  of  this  set  refers  to  the  Final  Edge  of  Main 
Shell.  The  second,  third,  etc.,  cards  refer  to  Branch 
Edoes  In  the  order  In  which  they  are  encountered,  when 
going  from  the  Starting  to  Final  Edge  of  Main  Shell. 

2.  For  code  numbers  of  prescribed  variables,  see  Item  6, 
Section  2,  Chapter  I,  of  Part  II. 

3.  Remember  that  the  prescribed  edge  loads  are  actually  the 
Fourier  coefficients  for  a  given  wave  number  NX. 
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Application  -  NEP 

Number  of  consecutive  cards  -  one  per  subcase 


Variables 

Format 

Columns 

Description 

I  A(  1 ) 

15 

1-5 

Code  number  of  first 
prescribed  variable  on 
Startlnq  Edge. 

IA(2) 

15 

6-10 

Second  prescribed 
variable . 

I A  ( 3 ) 

15 

11-15 

Third  prescribed  vari¬ 
able. 

!A(4) 

15 

16-20 

Fourth  prescribed  vari¬ 
able. 

I A  ( 5 ) 

15 

21-25 

First  unprescribed  vari¬ 
able. 

I  A(6) 

15 

26-30 

Second  unprescribed  varl 
able. 

I  A(  7) 

15 

31-35 

Third  unprescribed  vari¬ 
able. 

I A  ( 8 ) 

15 

36-40 

Fourth  unprescribed  varl 
able. 

Comments : 

1 .  For  code 

numbers  of 

variables,  see 

I  tern  6 ,  Section  2, 

Chapter  I ,  of  Part  1 1 . 
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Boundary  Condition  Card  -  Final  Edge 


Application  -  NEP 

Number  of  consecutive  cards  -  one  per  subcase 


Variables 

Format 

Columns 

Descrl p  1 1  on 

<B(1) 

15 

1-5 

Code  number  of  first 
unprescribed  variable 
on  Final  Edge. 

IB(2> 

15 

6-10 

Second  unprescribed 
variable. 

IB(  3) 

15 

11-15 

Third  unprescribed  vari¬ 
able. 

I B  ( 4 ) 

15 

16-20 

Fourth  unprescribed  vari¬ 
able. 

18(5) 

15 

21-25 

First  prescribed  variable. 

IB(6) 

15 

26-30 

Second  prescribed  variable 

IB(  7) 

15 

31-35 

Third  prescribed  variable. 

IB(8) 

15 

36-40 

Fourth  prescribed  variable 
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Ring  Loid  f \rd 


Application  -  SP  only. 

Number  of  consecutive  cards  ■  one  per  Part. 


Variables 

Format 

Columns 

Description 

DSC( 1 ,2) 

F10.0 

1-10 

Value  of  discontinuity  In 
effective  transverse  shear 
resultant,  Q,  at  end  of  this 
Part. 

DSC ( I ,4) 

F10.0 

11-20 

Value  of  discontinuity  In 
membrane  stress  resultant  N^. 

DSC (1,6) 

F10.0 

21-30 

Value  of  discontinuity  In 
bending  moment  „ 

DSC ( 1,8) 

F10.0 

31-40 

Value  of  discontinuity  In 
effective  membrane  shear  stress 
resultant  N. 

Comments : 


1.  See  Item  8,  Section  2,  Chapter  I,  of  Part  II  for  a 
discussion  of  Ring  Loads. 

2.  The  positive  signs  of  the  Ring  Loads  are  the  sane 
as  those  of  stress  resultants  on  a  leading  edge  (edge  A 
in  Figure  3)  at  the  end  of  Part. 

3.  Remember  that  the  prescribed  values  of  the  Ring  Loads  are 
actually  the  Fourier  coefficients  for  a  given  wave 
number  NX. 
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Load  Parameter  Card 


Application  -  SP  only 

Number  of  consecutive  cards  =  one  per  Part. 


Variables 

Format 

Columns 

Descrl ptlon 

VK( 1 , 1 ) 

F10.0 

1-10 

If  IN0RM=0,  then  surface  load 
along  normal,  p. 

If  INORM'l ,  then  surface  load 

parallel  to  axis  of  symmetry,  p<| 

VK( I ,2) 

F10.0 

11-20 

If  IN0RM*0,  then  surface  load  along 
meridian,  p.. 

If  IN0RM*1,  then9surface  load 
perpendicular  to  axis  of 
symmetry,  Pg. 

VK(I,3) 

F10.0 

21-30 

Surface  load  along  circumference,  pe. 

VK ( I ,4) 

F10.0 

31-40 

Temperature  on  Inside  bounding  sur¬ 
face  of  shell  (In  -Z  direction),  T^. 

VK ( I ,5) 

F10.0 

41-50 

Temperature  on  outside  bounding  sur¬ 
face  of  shell  (In  +Z  direction),  Ty. 

IK2 

15 

51-55 

If  IK2*0,  then  all  loads  are 
constant  along  meridian.  Otherwise, 
IL2-number  of  variable  loads 

INORM 

15 

56-60 

INORM-O  means  that  surface  loads 
are  along  the  normal  and  merldonal 
tangent  of  Reference  Surface. 

INORM-l  means  that  they  are 
parallel  and  perpendicular  to 
axis  of  symmetry. 

RPM 

F10.0 

61-70 

Revolutions  per  minute  for  a  shell 
spinning  about  Its  axis  of 

symmetry. 
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Comments : 


1.  For  positive  directions  of  rotated  loads.  p«  and  p9,  see 

Figure  9.  1  l 

2.  The  values  of  variable  loads,  entered  on  Load  Parameter 
Card,  are  used  for  reference  only. 

3.  Remember  that  the  loads  entered  here  are  actually  Fourier 
coefficients  for  a  given  wave  number  NX. 

4.  For  a  spinning  shell,  the  same  RPN  must  be  entered  on  Load 
Parameter  Card  fur  every  Part. 


FIGURE  9.  ROTATED  SURFACE  LOAOS  IN  MfklDIONAL  PLANE 


Varlabla  load  Card 


Application  •  SP  only. 

Nuabor  of  consacutlva  cards  •  on*  par  Part.  This  card  should 

ba  Insartad  only  If  |K?»0  on 
Load  Parawatar  Card. 


Variables 

Forwat 

Columns 

Oascrlptlon 

Ufid.l) 

IS 

1-5 

Coda 

load. 

nuwbar  of  first  varlabla 
Saa  Conwants. 

IM(I.2) 

IS 

6-10 

Sawa 

of  sacond  varlabla  load. 

IM(I.J) 

IS 

11-15 

Sawa 

of  third  varlabla  load. 

I K6  ( 1  •  4 ) 

IS 

16-?0 

Sana 

of  fourth  varlabla  load. 

Ufi(I.S) 

IS 

21-25 

Sawa 

of  fifth  varlabla  load. 

IK1 

IS 

?6-30 

Coda 

nuwbar  of  FGCN  sat  utad 

for  first  varlabla  load. 


CoMontt : 

1.  Tht  coda  nuwbors  of  loads  ara  as  follows: 

I  for  p  or  pj ;  ?  for  p(  or  p? 

3  for  p# ;  4  for  ;  5  for  Ty 

2.  At  aany  IKC's  wust  ba  glvtn  as  IK?  on  load  paranatar  card, 
txaaplo:  If  surfaca  taaporaturas  ara  varlabla  along 
wtrldlan,  than  IK?»?  on  Load  Paraaatar  Card,  and  |KG(I,))«4, 
IKC(1,?)*5.  Othar  UG't  ara  laft  blank. 

3.  IK1  daslgnatas  tha  coda  nuwbar  of  tha  first  of  IK?  FGCh 
sats.  by  which  tha  IK?  varlabla  loads  ara  raad.  Iwwadlataly 
following  tha  Varlabla  Load  Card. 


FGEN  10  Cird 

Application  •  SP,  AEP,  NEP. 

Nuabar  of  consecutive  cards  •  on#  par  ont  FGEN  sat. 


Variables 

Foraat 

Coluans 

Description 

NANEG 

AS 

1-S 

Naaa  of  varlabla  usad  In  this 
FGEN.  For  reference  only. 

N 

IS 

6-10 

Total  nuabar  of  points  usad  to 
dascrlba  this  varlabla  ovar 

ona  Part. 


Coaaents : 


1.  FGEN  sots  ara  usad  to  handla  pareaeters  which  vary  along 
tha  aerldlen.  Thalr  values  ara  raad  at  discrete  points, 
and  In-between  valuas  ara  Intarpolatad  linearly. 

2.  Nlnlnue  H  is  2  and  Malaya  Is  20. 

3.  Ona  FGEN  ID  Card,  followad  by  ona  sat  of  FGEN  Point  Cards, 
constltutas  ona  FGEN  sat,  which  can  ba  usad  to  dascrlba 
any  ona  varlabla  paraaatar  ovar  ona  Part.  At  prasant, 

30  FGEN  s«ts  ara  avallabla  for  ona  casa. 

4.  Each  FGEN  sat  Is  Idantlflad  by  a  coda  nuabar,  froa  1  tv 
30.  Each  varlabla  paraaatar,  daflnad  ovar  ona  Part, 
occupies  ona  FGFN  sat.  Ona  given  coda  nuabar  can  ba 
asslgnad  only  to  ona  such  FGEN  sat. 

5.  Tha  coda  nuabers  ara  asslgnad  either  by  111  on  Variable 
Paraaatar  Card,  111  on  Elastic  Paraaatar  Card,  112  on 
Z-Coordlnate  Card,  or  IK1  on  Varlabla  load  Card.  Where 
rultlple  FGEN  sets  ara  usad,  tha  code  nuabers  ara 
asslgnad  consecutively  upward  and  should  not  ba  asslgnad 
to  another  varlabla. 

6.  Exaapla:  If  3  loads  ara  varlabla  ovar  ona  Part,  and 

IK1»7  on  Varlabla  load  Card,  than  FGEN  sets  No.  7,8,9  cannot 
ba  asslgnad  again  to  another  varlabla  paraaatar  for  this 
casa . 
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F6EN  Point  Card 


Application  -  SP.  AEP,  NEP. 

Nuaber  of  consecutive  cards  •  as  aeny  as  needed  to  or  (to  N 

points  at  4  points  ptr  card. 


VtrltbUs 

Foraat 

Coluans 

Dtscrlptlon 

*M*.D 

F10.0 

1-10 

Herld(ona)  coordinate  S  of 
point  No.  1 . 

F10.0 

11-20 

Value  of  variable  at  point 

No.  1. 

«<■.*) 

F10.0 

21-30 

Seae  at  Point  No.  2. 

F10.0 

31-40 

F10.0 

41  -SO  “ 

F10.0 

SI-60 

As  aany  pairs  of  IP  and  VP  as 
»  required  by  N,  as  given  on  the 

«<».«) 

F10.0 

61-70 

FOCN  10  Card. 

»«■.«) 

F10.0 

71-80 

Coaaents: 

1.  IP  of  point  No.  1  aust  aqual  SI  and  IP  of  last  point  oust 
equal  SI,  as  qlven  on  Shall  Olaanslon  Card. 
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lamination  Card 


Application  •  SP.  AEP,  NCP. 

Nunbtr  of  coniacutlva  card*  -  ona  blank  card  par  Job. 


Comnants : 


1.  Caiot  In  all  prograas  can  bt  stackad  by  rapaatlno  tha 
coaplata  blocks  of  cards  shown  In  Flguras  5  and  6. 

2.  Progran  taralnatas  asacutlon  by  raadlng  a  Control  Card 
with  IMN*0.  Tharafvra,  aft ar  all  tha  data  cards  for 
aach  casa  hava  baan  Insartad,  a  blank  Taralnatlon  Card 
at  tha  and  will  taralnata  axacutlon. 
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1.  Radii  of  curvatura:  R#  •  R0  •  R 

2.  Narldlonal  coordinate  •  •  In  radiant 

3.  If  noraal  points  toward  axis  of  syaaatry,  R  aust  ba 
Insartad  nagatlva. 


Ellipsoidal  Reference  Surfict 


Comments: 

1 .  Radii  of  curvature: 

1/R#  •  (A/B2)[s1n2a  ♦  (B/A)2cos2a]3/2 

1/R#  ■  ( 1  / A ) [ *  1  n 2 ♦  ♦  (B/A)2cos24]^2 

2.  Meridional  coordlnata  ■  ♦  In  radians. 

3.  Nota  that  A  Is  tha  axis  of  the  ellipse  perpendicular  and 
B  parallel  to  tha  axis  of  synnetry. 

4.  If  normal  points  toward  axis  of  symmetry,  A  must  be  Inserted 
negative. 
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Conical  Reference  Surface 


1.  Radii  of  curvature: 

1/Ra  -  0  1/Rfl  *  (A  +  S)cos<j> 

2.  Meridional  coordinate  *  distance  S  along  generator 


3.  A  Is  measured  from  apex,  and  It  sets  the  origin  of  S 
(at  which  S  -  0.0) . 


4.  A  must  be  Inserted  negative  when  Integration  Is  toward 
the  apex. 
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Comments : 


1.  Radii  of  curvature:  R^  ■  B 

Re  ■  (A  ♦  Bs1n*)/s1n* 

2.  Meridional  coordinate  ■  ♦  In  radians. 

3.  If  normal  points  toward  meridional  center  of  curvature 
(point  0),  then  B  must  be  inserted  negative. 


General  Reference  Surface 


1.  Radii  of  curvature:  R.,  R.  iin+ 

♦  0 

2.  Meridional  coordinate  >  arclength  S  along  meridian. 

3.  If  norial  points  toward  meridional  center  of  curvature 
(point  0),  1/Rf  must  be  Inserted  negative. 


1.  Radii  of  curvature: 

1/R^  -  - ( A/B2 ) C 3 1 n 2 ♦  -  (B/A)2cos2a]3/Z 

1/R0  «  ( 1 / A ) [sin2#  -  (B/A)2cos2a]1/Z 

2.  Meridional  coordinate  -  a  In  radians. 

3.  If  nomal  points  toward  axis  of  symmetry,  A  must  be 
Inserted  negative. 


249 


4.  Interpretation  of  Results 


1 .  Static  Stress  Analysis 

Once  the  shell  geometry  Is  selected  and  the  static 
external  loads  defined  by  their  Fourier  series  coefficients, 
the  solution,  as  obtained  by  the  SP,  predicts  accurately  the 
deflection  of  the  shell  and  the  resultant  forces  and  couples 
which  keep  the  RS  in  equilibrium.  The  only  limitations  are: 

1.  The  yield  limit  of  the  material  should  not  be 
exceeded  anywhere  In  the  shell. 

2.  The  deflections  should  not  be  so  large  that  a 
a  linear  theory  Is  not  applicable. 

Both  of  these  limitations  can  and  should  be  checked  after 
the  results  for  a  case  are  obtained.  The  proximity  of  the 
stress  state  to  the  yield  point  can  be  estimated  with  the 
use  of  some  yield  condition.  Similarly,  the  normal  deflection, 
w,  should  be  smaller  than,  say,  one  thickness.  If  these  two 
limitations  are  violated,  the  results  are  still  useful  as 
far  as  the  trends  of  the  stress  distributions  and  deflections 
are  concerned,  but  the  possible  errors  In  the  results  should 
be  appreciated. 

Caution  should  also  be  exercised  when  the  stresses  at 
certain  points  are  Interpreted.  It  should  be  borne  In  mind 
that  shell  theory  ensures  the  equilibrium  of  the  RS  In  terms 
of  the  stress  resultants,  but  not  In  terms  of  the  stresses. 

The  stresses  are  calculated  after  the  resultants  are 
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obtained  by  assuming  a  linear  distribution  through  the 
thickness.  Consequently,  the  stresses  at  points  of 
discontinuous  thickness  or  normal  (points  A,  B,  and  C  In 
Figure  1)  cannot  be  accurately  obtained  by  shell  theory, 
and  should  be  Interpreted  accordingly.  Only  a  three-dimensional 
elasticity  (  or  perhaps  plasticity)  theory  can  provide  the 
precise  stress  distribution  In  such  cases. 

In  summary,  the  results  given  by  the  SP  should  be 
regarded  as  accurate  In  most  cases.  They  have  been  verified 
experimentally  for  many  shell  configurations.  In  cases 
where  their  accuracy  can  be  questioned,  the  simple  fact  Is 
that  better  solutions  are  usually  not  available.  If  they 
are  available,  they  should  be  used.  If  they  are  not,  however, 

It  Is  much  better  to  have  the  results  of  the  linear,  elastic 
analysis  of  shell  theory,  than  no  results  at  all. 

2.  Free  Vibration  Analysis 

Assuming  that  the  object  of  the  free  vibration  analysis, 
with  or  without  prestress,  Is  to  obtain  the  resonant 
frequencies  and  mode  shapes  of  the  structure,  the  limitations 
with  respect  to  the  yield  limit  and  the  amplitude  of  the 
deflections  are  not  significant  In  the  free  vibration  analysis. 
For  this  reason,  the  free  vibration  results,  as  given  by  the 
AEP  and  N£P,  should  be  regarded  as  accurate  with  even  more 
confidence  than  those  of  the  SP. 
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However,  another  limitation  appears  In  free  vibration 
problems,  and  that  Is  with  respect  to  the  frequency.  The 
classical  theory  of  shells,  which  Is  used  for  the  analysis 
In  this  report,  neglects  the  transverse  shear  strains,  and 
consequently  the  theory  Is  only  applicable  In  the  low 
frequency  range  which  Is  well  below*  the  lowest  antisymmetric 
thickness-shear  mode  of  an  Infinite  plate,  given  approximately 
by 


co  s  =  c/lOh 

In  cps,  where  c  Is  the  speed  of  sound  of  the  material,  defined 
by 

c  =  *E/p 

E  Is  Young's  modulus,  p  Is  the  mass  density,  and  h  Is  the 
thickness  of  the  shell. 

Our  previous  Investigations**  have  shown  that  the 
classical  theory  predicts  natural  frequencies  with  great 
accuracy  In  the  low  frequency  range,  but  the  error  reaches 
a  maximum  of  about  51  at  the  frequency  of  us/20.  If  a  51 
error  Is  regarded  as  the  maximum  allowable  error,  then  the 
free  vibration  results,  given  by  the  computer  programs, 

*Stt  A.  Kalnlns,  "Dynamic  Problems  of  Elastic  Shells," 

Applied  Mechanics  Reviews,  v.  18,  1965,  pp.  867-871. 

#*$ee  H  Kraus,  Thin  Elastic  Shells.  J.  M11*»y  and  Sons, 

New  York,  1967,  p.  349. 
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should  be  accurate  In  the  frequency  range 

o  <  u  <  c/200h 

For  steel  c*200,000  In/sec,  so  that  the  upper  limit  for  a 
0.5  In  thick  shell  Is  4000  cps ,  which  Is  probably  well  above 
the  frequency  range  of  most  applications.  If  higher 
frequencies  are  needed,  a  shear  theory  of  shells  must  be 
employed,  which  takes  the  transverse  shear  strain  effects 
Into  account.  The  governing  equations  of  such  a  theory  are 
well  known,  and  there  Is  no  fundamental  difficulty  In  applying 
the  multlsegment,  direct  numerical  Integration  technique  to 
the  free  vibration  analysis  by  such  a  higher  order  theory. 

This  was  not  done  here  simply  because  only  In  rare  cases 
the  frequency  limit  of 

u  *  c/200h 

would  have  to  be  exceeded. 

When  this  frequency  limit  Is  observed,  the  free  vibration 
results  should  be  accepced  with  confidence.  Natural  frequencies, 
at  least  In  the  lower  frequency  range,  have  been  experimentally 
verified  on  many  occasions.  Including  an  experimental  program 
conducted  by  the  author  at  the  Shell  Vibration  Laboratory  of 
Lehigh  University.  One  shell  configuration  which  was  tested 
Is  described  under  the  test  cases  later  In  this  Chapter.  It 
was  found  that  In  the  lower  frequency  range  any  natural 
frequency  predicted  by  the  computer  program  could  be  verified 
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experimentally  within  about  *1  cps. 

3.  Stability  Analysis 

While  the  static  and  free  vibration  analyses  of  elastic 
shells  have  reached  a  definitive  stage, where  the  meaning  of 
the  results  Is  fully  understood,  the  same  cannot  as  yet  be 
said  about  the  stability  analysis.  It  should  be  remembered 
that  the  stability  analysis  used  In  this  report  Is  based  on 
the  classical  approach  of  solving  a  linear  eigenvalue  problem. 

The  lowest  eigenvalue,  designated  the  classical  buckling  load, 
represents  a  prestressed  state  at  which  another  Infinitesimally 
different  equilibrium  state  Is  possible.  The  computer  programs 
for  the  stability  analysis  can  find  such  a  classical  buckling 
load  and  the  corresponding  Infinitesimal  superimposed  state, 
called  the  classical  buckling  mode,  for  an  arbitrary  shell  of 
revolution.  The  purpose  of  this  discussion  Is  to  give  some 
Indication  on  the  meaning  of  such  Information  to  a  shell 
analyst. 

The  uncertainty  of  the  meaning  of  the  classical  buckling 
loads  becomes  evident  when  one  begins  to  compare  them  with 
experimental  results.  It  has  been  verified  by  many 
experiments  that  some  shells  of  revolution,  such  as  a  cylindrical 
shell  under  axial  load  and  a  closed  spherical  shell  under 
external  pressure,  can  sustain  only  a  fraction  of  the 
theoretically  calculated  classical  buckling  load.  On  t*~ 
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other  hand,  for  other  shells  of  revolution,  such  as  ellipsoidal 
and  cylindrical  shells  under  external  pressure,  the  classical 
buckling  loads  and  the  experimental  pressures  can  agree  very 
wel  1 . 

It  Is  clear  from  such  experimental  evidence  that  the  mere 
knowledge  of  the  classical  buckling  load  and  Its  corresponding 
mode  Is  not  sufficient  to  tell  an  analyst  at  what  load  will 
an  arbitrary  shell  of  revolution  collapse.  Further  Information 
Is  obviously  necessary,  which  should  provide  an  estimate  on 
the  expected  degree  of  agreement  between  the  classical  buckling 
load  and  the  actual  collapse  load  of  the  structure. 

The  answer  to  our  problem  lies  In  the  behavior  of  the 
shell  after  the  classical  buckling  load  has  been  reached. 

The  various  possibilities  are  shown  In  Figure  10.  The  branch 
OA  represents  symbolically  the  prestressed  state  where  the 
abscissa  Is  some  deflection  parameter.  Whether  OA  Is  a 
straight  line,  which  means  that  the  prestressed  state  Is 
linear,  or  a  curve,  Is  Irrelevant  for  our  discussion. 

At  point  A  the  classical  buckling  load  is  reached,  at 
which  another  load-deflection  branch  Is  attached.  The 
deflection  parameter  of  the  new  branch  will  be  called  the 
buckling  amplitude  and  designated  by  6,  end  It  need  not  be 
the  seme  deflection  parameter  which  was  used  to  plot  the 
prestressed  state  from  0  to  A.  We  shall  say  that  at  A  we 


have  6 “0 .  Since  our  Interest  begins  at  A,  the  abscissa  will 
be  labeled  6  . 

As  shown  In  Figure  10,  the  load-buckling  amplitude  curve, 
after  point  A,  can  go  either  up,  down,  or  stay  horizontal. 
Because  of  Imperfections  In  every  manufactured  shell,  the 
actual  P-6  curves  will  be  more  like  the  dashed  curves  In 
Figure  10,  rather  than  the  full  curves. 

If  the  postbuckllng  path  Is  AD,  then  It  Is  reasonable 
to  expect  that  because  of  Imperfections  point  A  will  never  be 
reached,  and  that  the  collapse  load  of  the  actual  shell 
will  be  well  below  the  classical  buckling  load.  For  the 
path  AC  the  collapse  load  may  approach  the  classical  buckling 
load,  while  for  path  AB  It  may  surpass  It.  Such  Interpretation 
has  been  shown  to  be  correct  for  an  axially  compressed 
cylindrical  shell  (path  AD),  column  (AC),  and  a  plate  with 
restrained  edges  (AB).  It  seems  reasonable  to  extend  such 
reasoning  to  an  arbitrary  shell  of  revolution  subjected  to 
arbitrary  loads. 

If  the  above  Interpretation  of  the  deflection  of  the 
shell  is  accepted,  then,  in  addition  to  the  classical  buckling 
load  and  Its  mode,  we  must  find  some  way  to  determine,  at 
least  in  the  initial  stages,  the  character  of  the  postbuckllng 
behavior  of  the  shell.  Only  then  will  the  computer  programs, 
described  In  this  report,  become  meaningful  tools  for  the 
stability  analysis  of  a  shell. 
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The  additional  Information  which  could  provide  the 
analyst  with  a  criterion  on  the  accuracy  of  the  classical 
buckling  load  could  possibly  come  fr^m  three  sources: 

1.  The  classical  buckling  mode. 

2.  Initial  postbuckllng  analysis. 

3.  Complete  nonlinear  postbuckllng  analysis. 

The  first  source  represents  the  simplest  way  to  make 
an  estimate  on  the  accuracy  of  the  classical  buckling  load, 
because  the  buckling  modes,  as  printed  out  by  the  computer 
programs,  contain  all  the  fundamental  variables  and  stresses 
of  the  superimposed  state.  Since  theoretically  buckling  must 
begin  at  point  A,  It  must  be  true  that  the  very  Initial 
postbuckllng  state  (l.e.,  prestressed  plus  superimposed  state), 
must  have  some  bearing  on  what  happens  to  the  shell  next. 

A  procedure  by  which  the  classical  buckling  mode  could 
be  utilized  for  the  desired  accuracy  estimate  has  been 
discussed  by  Gerard  and  Becker*.  Their  argument  goes 
approximately  as  follows.  Since  an  unstable  state  In  a  shell 
Is  caused  by  compressive  membrane  stresses,  then  If  the 
superimposed  state  adds  more  compressive  membrane  stresses, 
the  P-6  curve  should  be  of  the  type  AD  In  Figure  10,  and 
poor  agreement  between  the  classical  buckling  load  and  the 
collapse  load  Is  expected.  If,  on  the  other  hand,  the 

*G.  Gera  i  and  H.  Becker,  "Handbook  of  Structural  Stability. 
Part  Hi  -  Buckling  of  Curved  Plates  and  Shells",  NACA 
TN3783,  August  1957,  pp.  9-11. 
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superimposed  state  consists  of  tensile  stresses,  then  the 
classical  buckling  load  can  be  regarded  as  the  collapse 
load  or  can  be  even  exceeded. 

While  this  argument  seems  very  logical.  It  still  requires 
further  clarification.  The  superimposed  state  of  the  axially 
compressed  cylindrical  shell  Is  a  nonsymaetrlc  one,  where  all 
variables  are  multiplied  by  cosne  or  slnne,  and  n  depends  on 
the  dimensions  of  the  shell.  This  means  that  the  positive 
and  negative  signs  of  the  stresses  of  the  superimposed  state 
vary  along  the  circumference  with  a  period  of  2»a/n.  It  Is 
not  clear  to  the  author  how  one  can  apply  such  an  alternating 
stress  field  to  Gerard  and  Becker's  argument.  It  could  be 
that  this  argument  does  not  really  apply  to  the  stresses  of 
the  superimposed  state  of  the  classical  buckling  mode,  but 
requires  Instead  the  knowledge  of  the  stresses  In  the 
postbuckllng  range.  If  this  Is  so,  then  their  argument  would 
require  the  Information  regarding  the  postbuckllng  range, 
which  will  be  discussed  next. 

The  second  source  from  which  an  estimate  on  the  accuracy 
of  the  classical  buckling  load  could  be  obtained  Is  concerned 
with  the  postbuckllng  region  Immediately  following  the 
bifurcation  point  (point  A  In  Figure  10).  Such  Initial 
postbuckllng  analysis  has  been  proposed  by  Kolter*  and 

V  T.  Kolter,  "Clastic  Stability  and  Postbuckllng  Behavior," 
In  Nonlinear  Problems.  R.  C.  Langer,  editor,  University  of 
Wisconsin  ^ress,  Madison,  WIs.,  1963,  p.  257. 


259 


developed  further  by  Budiansky  and  Hutchinson*.  Koiter's 
theory  is  capable  of  predicting  the  slope  of  the  P-6  curve 
in  the  postbuckling  region  at  point  A  in  Figure  10,  as  well 
as  the  imperfection  sensitivity  of  the  shell.  When  applied 
to  an  arbitrary  shell  of  revolution,  this  approach  seems  to 
be  the  most  promising  one  which  could  put  the  stability 
analysis  on  a  much  sounder  foundation. 

The  third  approach  of  dealing  with  our  problem  would 
require  a  complete  nonlinear  analysis  of  the  deflection  of 
the  shell  beyond  the  point  A  in  Figure  10.  While  such  an 
analysis  would,  of  course,  provide  all  the  information  that 
we  are  seeking,  it  can  be  carried  out  at  this  time  only  for 
a  few  simple  configurations.  Therefore,  it  would  not  be 
wise  to  recommend  it  for  the  stability  analysis  for  an 
arbitrary  shell  of  revolution,  simply  because  it  is  too  difficult, 
and  because  the  computational  difficulties  could  obscure 
the  type  of  information  which  is  sought. 

In  summary,  the  obtaining  of  the  classical  buckling  load 
and  mode  by  means  of  the  computer  programs  should  be 
regarded  as  the  first  step  in  the  stability  analysis  of  an 
arbitrary  shell  of  revolution.  Additional  information, 
which  is  not  included  in  this  report,  is  needed  for  an 
extimate  of  the  proximity  of  the  classical  buckling  load 
* 

B.  Budiansky  and  J.  Hutchinson,  Proc.  11th  International 

Cong.  Appl .  Mech.,  Spri nger-Verl  ag ,  Berlin,  1965  ,  pp.  636-651  . 
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to  the  actual  collapse  load  of  the  shell.  Author  believes 
that  such  information  can  be  best  obtained  by  following 
Koiter's  theory  of  the  initial  postbuckling  analysis  of  a 
shell.  Until  such  time  when  a  detailed  procedure  for  the 
initial  postbuckling  analysis  of  an  arbitrary  shell  of 
revolution  is  available,  the  user  of  the  present  computer 
programs  must  use  them  with  the  knowledge  that  the  predicted 
buckling  load  may  or  may  not  represent  the  collapse  load  of 
the  shell . 
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5 .  Test  Cases  Run  by  the  Programs. 


1 .  Static  Program 

A.  Seven-Part  Composite  Shell. 

The  meridional  profile  of  this  shell  is  shown  in  Figure  11. 
The  purpose  of  this  case  is  to  show  the  proper  selection  of  <t> , 
normal,  direction  index,  data  for  variable  thickness  and 
loads,  layers,  ring  loads,  and  rotated  boundary  conditions. 

Two  subcases  are  considered:  for  NX=0  and  NX=2. 

A  recommended  check  for  all  static  problems  with  NX=0  is 
the  balance  of  the  total  applied  loads  with  the  edge  reactions 
in  the  parallel  direction  to  the  axis  of  symmetry.  The  only 
edge  load  in  this  direction  is  at  the  Starting  Edge,  and  a 
net  force  is  produced  by  the  Ring  Load  and  pressure.  Such  a 
gross  equilibrium  check  shows  that  the  stress  resultant  at 
the  Starting  Edge  should  be  N^=50.219 ,  which  is  verified 
by  the  program. 

The  data  sheets  and  the  appropriate  output  for  Case  A 
follow. 
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TEST  CASE  FOR  STATIC  SHELL  PROGRAM 


SEVfcNi  PART  COMPOSITE  SHtLL  (SEE  FIG.  11) 
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FIGURE  11.  SEVEN-PART  SHELL  USED  IN  TEST  CASE  A 
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B.  Conical  Shell 


This  is  a  simple  conical  shell  with  a  30°  vertex  angle, 
as  shown  in  Figure  12.  The  direction  of  integration  is  toward 
the  axis  of  symmetry,  because  the  Starting  Edge  must  be 
restrained  from  the  motion  as  a  rigid  body  along  the  axis  of 
symmetry . 

The  purpose  of  this  case  is  to  illustrate  the  use  of 
rotated  surface  loads  (subcase  No.  1)  and  a  spinning  shell 
(subcase  No.  2).  For  each  of  these  subcases  solutions  are 
available  for  a  check  of  the  results  given  by  the  program. 

a .  Subcase  No.  1 

This  is  the  solution  for  an  aluminum,  0.01  in  thick 
conical  shell,  subjected  to  its  own  weight  and  resting  on  a 
smooth  table.  The  weight  per  unit  volume  of  aluminum  is 
y=0.0975  lbs/in  ,  and  therefore  the  surface  load,  measured  as 
weight  per  unit  area  of  the  reference  surface,  is  Yh=0. 000975 
lbs/in  .  Since  this  surface  load  remains  parallel  to  the  axis 
of  symmetry,  we  must  have  IN0RM=1  on  the  Load  Parameter  Card. 

Except  in  the  vicinity  of  the  edges,  the  membrane  solution 
for  this  case  is  verified  by  the  program. 

b.  Subcase  No.  2 

This  subcase  is  Intended  to  illustrate  the  analysis  of 
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a  shell  of  revolution  which  is  spinning  about  its  axis  of 
symmetry  at  a  given  RPM.  The  same  aluminum  conical  shell  is 
used.  The  main  thing  that  must  be  remembered  for  a  spinning 
shell  is  that  IN0RM=1  and  that  now  the  mass  density  is  given  by 

p  =  y/g 

where  y  is  the  weight  density,  and  g  is  the  acceleration 
imparted  by  gravity.  Assuming  that  g=385.92  In/sec2,  the  mass 
density  p  on  the  Elastic  Parameter  Card  must  be  Input  as 
p=0. 0002526  lb  sec2/in^. 

If  the  shell  is  spinning  with  100  RPM,  the  membrane  theory 
of  shells  predicts  NQ=0. 00062  at  the  Starting  Edge  and 
N0=O. 000069  at  the  Final  Edge.  These  values  are  verified 
by  the  program. 

Data  sheets  and  the  appropriate  output  for  case  B  follow. 
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(SEE  EIG.  12) 
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C.  Cylindrical  Shell  Under  Thermal  Loads 

This  case  Is  Intended  to  Illustrate  the  use  of  thermal 
loads.  Two  subcases  for  a  cylindrical  shell  are  considered. 

One  has  a  temperature  gradient  through  the  thickness  and  the 
other  has  a  gradient  along  the  generator  of  the  shell.  Both 
of  these  cases  have  been  solved  analytically  and  the  solutions 
are  given  In  Timoshenko  and  Wol nowsky-Krleger,  "Theory  of 
Plates  and  Shells",  on  pp.  497-501,  of  the  second  edition. 

According  formula  (e)  on  p.  498,  the  maximum  hoop  stress 
for  the  subcase  No.  1  Is  given  by  o0  = 22,740  psl.  The  example 
on  p.  501  shows  that  for  the  subcase  No.  2  the  axial  stress 
at  the  end  of  Part  No.  1  should  be  ox  =  6516  psl.  The 
orrespondlng  values  given  by  the  program  are  23,189  and  6249  psl. 

Data  sheets  arid  the  appropriate  output  for  Case  C  follow. 
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2.  Axlsymmetrlc  Eigenvalue  Program 

Three  cases  are  considered.  Two  are  for  stability 
analysis  and  one  for  free  vibration.  Of  the  stability  cases, 
one  does  and  the  other  does  not  agree  with  experimental 
results.  The  free  vibration  case  has  been  verified 
experimental ly . 

0.  Stability  of  Ellipsoidal  Shell 

This  case  finds  the  buckling  load  for  an  ellipsoidal  shell 
of  revolution  subjected  to  external  pressure.  The  prestress 
state  Is  variable  along  the  meridian.  It  was  calculated 
separately  by  the  Static  Program  for  an  ellipsoidal  shell 
with  an  external  pressure  p/E-1. 

Experimental  collapse  pressures  have  been  reported  for 
the  same  case  by  Hyman  and  Healey*,  and  their  value  Is  137  psl 
for  a  three-lobed  buckling  mode.  Our  stability  program  gives 
an  eigenvalue  of  XMR»0. 0004284.  The  pressure  of  the  prestressed 
state  must  be  multiplied  by  this  eigenvalue  In  order  to 
obtain  the  buckling  load.  For  E>325,000  psl,  this  gives  a 
buckling  pressure  of  p* 1 39 . 23  psl  as  predicted  by  the  program. 

E.  Stabl 1 !ty  of  Axially  Compressed  Cylinder 

This  Is  the  classical  case  of  a  cylindrical  shell  under 

*B.  I.  Hyman  and  J.  0.  Healey,  "Buckling  of  Prolate  Spheroidal 
Shells  under  Hydrostatic  Pressure,"  AIAA  Journal,  v.  5,  1967, 
p.  1471. 
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axial  load.  The  obtained  eigenvalue  agrees  with  the  one 


obtained  from  Figure  10  on  page  427,  as  given  In  Flugge, 
"Stress  In  Shells",  Springer  Verlag,  1966  Edition.  The 
actual  collapse  load  of  such  a  cylindrical  shell  Is  about  one- 
third  of  the  theoretical  value. 

F.  Free  Vibration  of  a  Cylindrical  Shell 

This  case  predicts  a  two-lobe  mode  of  free  vibration  at 
u-179  cps  for  a  cylindrical  shell,  fixed  at  one  end  and  free 
at  the  other.  In  vibration  experiments  with  mylar  cylindrical 
shells,  conducted  at  the  Shell  Vibration  Laboratory  of  Lehigh 
University,  the  experimentally  found  value  was  «»180  cps. 

Oata  sheets  and  the  appropriate  output  for  these  three 
test  cases  of  the  Axlsymmetrlc  Eigenvalue  Program  follow. 
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TEST  CASE S  HlR  AXI  SVMME  IK  1C  E  I GLNVALUE  PROGRAM 
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3.  Nonsymmetrl c  Eigenvalue  Program 


6.  Stability  of  Cylindrical  Shell  Under  Bending 

This  case  seeks  the  buckling  load  for  a  circular 

cylindrical  shell  subject  to  pure  bending  by  couples  applied 

to  the  ends  of  the  shell.  Since  few  analyses  of  nonsymmetrl c 

prestress  problems  exist,  this  example  was  selected  for  com- 

♦ 

parlson  with  the  results  obtained  by  Selde  and  Welngarten 
for  a  simply  supported  cylindrical  shell. 

The  prestress  state  used  as  a  model  for  this  problem 
Is  an  axial  stress  resultant,  constant  along  a  meridian  but 
varying  as  COS  e  at  each  cross  section.  Thus  a  convenient 
eigenvalue  parameter  for  this  problem  Is  the  theoretical 
buckling  stress  resultant  for  a  long,  axially  loaded  cylinder, 

N  =  Et2 

c  /3rr-v2y& 

For  a  prestress  =  1.0,  radius  to  thickness  ratio  =  100, 
Poisson's  ratio  *  u.3,  and  E  =  1653,  the  eigenvalue  for  this 
case  represents  the  ratio  of  the  critical  stress  In  bending  to 
that  of  a  long  cylinder  In  axial  compression. 

★ 

P.  Selde  and  V.  Welngarten,  "On  the  Buckling  of  Circular 
Shells  Under  Pure  Bendlnq",  Journal  of  Applied  Mechanics, 

March  1961,  pp.  112-116. 
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A  four  component  solution  of  wave  numbers  4,  5,  6,  7 
was  used.  These  terms  were  selected  on  the  basis  of  the  form 
of  deflection  function  used  by  Flugge  for  a  similar  problem. 

At  the  mid-span  cross  section,  this  solution  predicted  a  mode 
shape  similar  to  that  of  Figure  24,  page  4t>6  In  Flugge, 
Stresses  In  Shells,  Springer  Verlag,  1962  Edition. 

For  a  length  to  radius  ratio  =  1,  this  four  term  solu¬ 
tion  yielded  an  eigenvalue  ALFA  =  1.61.  Selde  and  Welngarten, 
using  a  twelve  term  solution  which  neglects  end  effects,  ob¬ 
tained  a  corresponding  value  of  1.015.  As  In  the  case  of  an 
axially  loaded  cylindrical  shell,  the  actual  collapse  load 
Is  much  less  than  the  theoretical  value. 


TLST  CASE  F  CP,  NCNSYMMETR1C  EIGENVALUE  PROGRAM 


1.  CYLINDRICAL  SHELL  - 
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NGNSVMNETRIC  (PRESTRESS)  EIGENVALUE  PROGRAM  JAN  1969  VERSION 
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The  output  of  the  programs  consists  of  two  parts.  The 
first  part  reproduces  first  the  Control  and  Rotation  Cards, 
and  then  the  Shell  Dimension,  Shell  Parameter,  Elastic 
Parameter,  Z-coordlnate,  and  Prestress  cards  for  each  Part 
In  the  order  In  which  the  shell  Is  constructed.  The  second 
part  of  the  output  pertains  to  the  subcases  which  are  run 
from  the  shell  geometry  and  prestress  given  before.  Each 
subcase  Is  Identified  by  a  number.  The  output  for  each 
subcase  consists  of  the  reproduction  of  the  Wave  Number  or 
Eigenvalue  Card,  Boundary  Condition  Cards,  and,  for  the  Static 
Program,  the  Load  Cards  over  each  of  the  Parts,  again  In  the 
order  In  which  the  shell  Is  constructed. 

The  useful  output  for  each  subcase  begins  with  the  page 
with  the  heading:  Solution  at  Points  Along  Meridian.  The 
solution  can  be  either  In  terms  of  stress  resultants,  stresses 
or  both.  The  column  headings  of  the  stress  resultant  output 
have  the  following  meaning: 

X  >  meridional  coordinate.  Either  arclength  s  or  angle  9 
depending  on  Part. 

W  *  normal  deflection,  w. 

Q  ■  effective  transverse  shear  resultant,  Q. 

UPHI  ■  meridional  deflection,  u.. 

9 

NPHI  >  meridional  membrane  stress  resultant,  N.. 

9 

■  rotation  of  normal  In  meridional  direction,  0A. 

9 


BPHI 


MPH I  -  meridional  bending  moment,  M.. 

UTHETA  ■  circumferential  deflection,  u0. 

N  ■  effective  membrane  shear  resultant,  N. 

NTHETA  ■  circumferential  membrane  stress  resultant,  Nfl. 

MTHETA  *  circumferential  bending  moment,  M0. 

The  column  headings  of  the  stress  output  have  the  following 
meaning : 

SPHI  ■  meridional  normal  stress,  o.. 

STHETA  ■  circumferential  normal  stress,  ofl. 

w 

SFITH  ■  In-plane  shear  stress,  o^0. 

The  letters  IN  and  OUT  refer  to  the  "Inside"  and  "outside" 
bounding  surfaces  of  each  layer  of  the  shell.  For  example, 
with  reference  to  Figure  8,  Is  the  coordinate  of  the  inside 
and  Z2  of  the  outside*  bounding  surface  of  layer  No.  1.  For 
a  multilayered  Part,  the  stresses  for  each  of  the  layers 
appear  in  single-spaced  blocks  corresponding  to  one  value 
of  X.  The  first  line  of  the  block  refers  to  layer  No.  1,  the 
second  to  layer  No.  2,  etc. 

After  a  sign  change  In  the  value  of  the  characteristic 
determinant  (DET)  has  been  detected,  the  Eigenvalue  Programs 
print  out  at  the  end  of  the  solution  the  maximum  value  of  the 
first  prescribed  variable  at  the  Final  Edge  and  the  value  of 
DET.  The  eigenvalue  parameter,  for  which  this  solution  was 
obtained.  Is  declared  an  eigenvalue,  If  the  solution  Is  such 
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that  DET  Is  smaller  than  0.01  times  this  maximum  value. 

If  after  five  Iterations  such  accuracy  Is  still  not 
attained,  this  sign  change  In  the  DET  Is  Ignored.  The 

user  of  the  program  should  then  examine  the  solution  and  make 
a  decision  himself  whether  or  not  the  eigenvalue  parameter  Is 
an  eigenvalue.  It  sometimes  happens  that  the  DET  changes 
sign  when  going  through  Infinity.  Instead  of  zero,  and  such 
points  do  not  represent  eigenvalues. 

Finally,  for  each  subcase  the  AEP  prints  out  a  table  of 
the  eigenvalue  parameter  (OMEGA)  versus  three  kinds  of  values 
of  the  characteristic  determinants.  It  Is  always  recommended 
to  plot  these  determinants  vs.  OMEGA  to  make  sure  that  they 
Indeed  go  through  zero  at  the  Indicated  eigenvalue.  At  present, 
a  normalized  determinant,  NORMAL  DET,  Is  used  for  all 
Interpolation  calculations.  After  considerable  experimentation, 
It  was  found  that  such  a  normalized  determinant  makes  the 
Inverse  Interpolation  easier. 


t 
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7.  Explanation  of  Output  for  NEP 


The  output  of  the  NEP  differs  somewhat  from  that  of  the 
other  programs.  The  first  part  reproduces  the  Shell  Dimension, 
Shell  Parameter,  Elastic  Parameter,  Z-coordlnate  and  Prestress 
data  for  each  Part.  The  second  part  begins  with  the  heading 
Stability  Analysis,  and  records  output  for  each  subcase  which 
Is  run  for  the  given  shell  geometry.  The  output  for  each  sub¬ 
case  Is  a  listing  of  the  number  of  Parts  In  the  shell,  the 
number  of  wave  numbers  used,  the  wave  numbers,  and  a  reproduc¬ 
tion  of  the  NEP  Boundary  Condition  cards. 

The  useful  output  begins  with  a  page  Indicating  the  Part 

number,  and  number  of  segments  In  each  Part.  For  each  segment 

In  a  Part,  the  values  of  the  determinants  of  E^  and  Cj  are 
* 

recorded  . 

The  most  valuable  parts  of  the  output  are  the  two  numbers 
DETCM  and  ALFA.  These  are  the  values  of  the  determinant  of 
the  C|y|  matrix  and  the  corresponding  trial  eigenvalue.  Note 
that  a  value  of  DETCM  such  as  0.16825E-07  10,  Is  read 

0.16825  x  10+3. 

CM  matrix  refers  to  the  Individual  elements  of  C^,  while 
COFACTORS  OF  CM  are  the  cofactors  of  this  matrix.  These  co- 


•k 

The  format  of  this  output  Is  read  as  the  floating  point  num¬ 
ber  times  ten  to  the  power  of  the  algebraic  sum  of  the  two 
digit  numbers  which  follow  It. 
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factors  are  used  to  check  the  computation,  the  first  value  In 
the  check  should  duplicate  DETCM  while  the  remaining  elements 
should  be  several  orders  of  magnitude  smaller.  The  cofactors 
are  normalized  with  respect  to  the  first  element  and  are  out¬ 
put  as  the  values  of  the  nonhomogeneous  boundary  condition 
variables  at  the  final  edge  of  the  shell. 

The  column  headings  which  follow  refer  to  the  code  numbers 

* 

of  the  fundamental  variables  .  At  the  end  of  each  segment 
the  meridional  coordinate  at  that  point  Is  output  followed  by 
the  values  of  the  fundamental  variables  computed  first  by 
solving  the  homogeneous  matrix  equations  and  then  by  numerical 
Integration.  In  addition,  at  Intermediate  points  the  mode 
shape  of  the  normal  deflection  Is  output  at  10°  Intervals 
beginning  at  the  top,  e  «  0°,  and  ending  with  e  *  180°.  At 
the  starting  edge  of  the  shell,  the  boundary  condition  code 
numbers  are  reproduced  along  with  the  matrix  equation  values 
for  the  nonhomogeneous  fundamental  variables. 

The  user  of  the  program  should  note  that  DETCM  may  change 
sign  when  going  through  Infinity,  rather  than  through  zero. 

The  corresponding  ALFA  Is  not  a  true  eigenvalue  and  Indicates 
that  additional  Increments  In  the  value  of  the  trial  eigen¬ 
value  are  required. 

* 

See  Item  6,  Section  2,  Chapter  I,  Part  II. 


SECTION  II 


DESCRIPTION  OF  PROGRAMS  AND  LISTINGS 

1 .  Description  of  SP  and  AEP 

The  two  computer  programs,  SP  and  AEP,  have  similar 
features  and  will  be  described  together.  The  NEP  was 
prepared  by  a  different  programmer,  and  It  will  be 
described  separately. 

1  .  MAIN  of  SP  and  AEP 


The  main  flow  In  SP  and  AEP  Is  controlled  from  MAIN, 
and  for  anyone  who  Is  Interested  In  following  the  logic 
of  these  programs.  It  Is  recommended  to  become  familiar 
with  the  main  loops  of  the  flow.  The  main  loops  of  MAIN 
are  as  follows: 

1.  Shell  Geometry  Loop  (DO  881  loop).  Within 
this  loop,  the  geometry  of  the  shell  1:  read 
In  over  all  parts.  The  Shell  Dimension  card 
Is  read  at  Format  #505,  Shell  Parameter  card 
through  INPUT  and  Elastic  Parameter  and  Z-Co 
ordinate  cards  through  ORTHO. 

2.  Initial  Value  Integration  Loop  (between  statements 
#82  and  #501).  Within  this  loop  the  Initial 
value  Integration  Is  performed  over  all  Segments 
of  all  Parts.  The  Initial  value  solutions  are 
stored  In  array  D. 

3.  The  Initial  value  solutions,  In  array  D,  are 
brought  Into  TRIANG  near  statement  #351,  where 
the  solution  matrix  Is  trlangularlzed,  and  the 
solutions  at  beginnings  of  segments  calculated 
and  stored  In  array  DM. 

4.  Final  Integration  Loop  (DO  641  loop).  Within 
this  loop  the  solutions  at  beginnings  of  Segments 
are  taken  from  the  DM  array.  Integrated,  and 
printed  out  at  any  requested  Intermediate  points 
within  each  segment.  The  solution  of  all  funda¬ 
mental  variables  Is  stored  In  array  Z  and  printed 
out  near  statement  #51  by  Format  #39. 
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2.  ORTHO 


ORTHO  reads  In  the  Elastic  Parameter  and  Z-coordlnate 
Cards  and  calculates  the  shell  stiffnesses.  ORTHO  calls 
FGEN  to  store  or  retrieve  elastic  parameters  and  Z-co- 
ordlnates  which  are  variable  along  the  meridian. 

3.  DIFFEQ 

DIFFEQ  calculates  the  derivatives  of  fundamental 
variables  (stored  In  YD)  when  the  fundamental  variables 
themselves  (stored  In  Y)  and  the  elastic  and  geometric 
properties  of  the  shell  are  given.  DIFFEQ  calls  INPUT 
to  supply  the  geometrical  parameters  and  ORTHO  for 
the  elastic  parameters.  For  Eigenvalue  Programs,  It 
calls  PGEN  for  the  prestress  variables. 

4.  TRIANG 

TRIANG  receives  the  Initial  value  solutions  over 
all  segments  (stored  In  D)  and  calculates  the  determinant 
of  the  frequency  matrix,  and  performs  Inverse  Interpo¬ 
lation  for  the  eigenvalue  parameter  once  a  sign  change 
In  the  determinant  Is  detected. 

5.  3COND 

BCOND  calculates  the  elements  of  transformation 
matrices  TLI  and  TR  which  are  needed  for  rotated  boundary 
conditions. 
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6.  INPUT 


INPUT  reads  In  the  Shell  Parameter  and  Load  cards. 

It  calculates  the  geometrical  and  load  parameters  of  the 
shell,  which  are  defined  In  INPUT  as  follows: 


R1  - 

R2  « 
SXN 
CXS 
PI  = 

P2  = 
PN  = 
PL  = 

PC  = 

TU  = 

TL  = 


1  /  s  1  n$ 
"  sin# 

=  cos^i 


P 

P 


$ 

P 


R 


e 


INPUT  calls  FGEN  to  read  In  or  retrieve  shell  parameters 
and  loads  which  vary  along  the  meridian. 


7.  INVERT 

INVERT  Is  a  typical  matrix  Inversion  subroutine. 


8.  FGEN 


FGEN  reads  In  parameters  whclh  vary  along  the  meridian 
and  are  given  at  discrete  points  along  the  meridian.  The 
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meridional  coordinate  Is  stored  In  XP  and  the  parameters  In 
YP.  Then  for  a  given  value  of  the  meridional  coordinate, 

S,  FGEN  calculates  the  variable  parameter. 

9.  PGEN 

PGEN  reads  In  and  stores  the  prestress  variables  at  a 
number  of  points  along  the  meridian  of  a  Part.  Then  for 
a  given  value  of  the  meridional  coordinate,  S,  PGEN 
calculates  the  prestress  variables. 

10.  RUNGE 

RUNGE  provides  the  entry  to  the  direct  numerical 
Integration  subroutines: 

RUNKUT,  ASJSTP ,  STEP,  INTPOL.  RUNGE  calls  RUNKUT  to 
begin  Integration. 

11 .  RUNKUT 

RUNKUT  advances  the  numerical  Integration  from  step 
to  step.  RUNKUT  calls  ADJSTP  to  aojust  the  step  size, 
and  INTPOL  to  see  If  the  end  point  Is  not  closer  than  one 
step  size. 

12.  ADJSTP 

ADJSTP  adjusts  the  Integration  step  size.  Initially, 
the  step  size  Is  Input  as  one  hundredth  of  the  length 
of  a  segment.  ADJSTP  tests  this  Initial  step  size  by 
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comparing  solutions  obtained  after  taking  two  separate 
steps  of  step  size  h  and  then  one  step  with  step  size 
2h.  The  initial  step  size  is  adjusted  until  the  difference 
in  the  solution  lies  between  prescribed  tolerances. 

Only  then  the  integration  is  begun.  After  every  three 
steps,  the  step  size  is  checked  again  and  adjusted  up 
or  down,  depending  on  whether  the  difference  in  the 
solutions  is  too  small  or  too  large.  ADJSTP  calls  INTPOL 
to  check  if  the  end  point  is  not  closer  than  one  step  size. 

13.  STEP 

STEP  calculates  the  fundamental  variables  at  a  point 
if  the  variables  at  the  preceding  point  are  known.  The 
standard  fourth-order  Runge-Kutta  formulas  are  used. 

STEP  calls  DIFFEQ  to  receive  the  derivatives  of  the  funda¬ 
mental  variables. 

14.  INTPOL 

INTPOL  checks  if  the  distance  to  the  end  of  the  seg¬ 
ment  is  smaller  than  the  step  size.  If  it  is,  the  step 
size  is  set  equal  to  the  difference  between  the  end  and 
current  points  and  integration  is  terminated.  If  it  is 
not,  integration  is  continued. 
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2.  Description  of  NEP 


MAIN  for  this  program  controls  the  flow  In  three  distinct 
areas.  In  the  first  portion  the  shell  dimensions,  snell  pa¬ 
rameters,  elastic  parameters,  and  prestress  parameters  for 
each  Part  are  read  Into  the  machine  using  the  INPUT,  ORTHO, 
and  PGEN  subroutines.  For  each  case,  a  set  of  eigenvalue 
parameters,  wave  numbers,  and  boundary  conditions  Is  read. 

The  remaining  two  loops  are  then  activated  for  each  eigenvalue. 
First,  the  Initial  value  Integrations  are  performed  over  the 
length  of  the  shell  via  the  SEGM  subroutine.  Then  the  TRIA 
subroutine  Is  called  to  find  the  determinant  of  the  C  matrix 
of  the  last  segment.  These  two  steps  are  repeated  for  each 
Incremented  eigenvalue  within  each  case. 

The  SEGM  (M)  subroutine  Integrates  the  (8  times  the  number 
of  wave  numbers)  Initial  value  problems  over  the  length  of 
each  shell  segment  using  an  Integration  procedure  composed  of 
the  RUNGE,  RUNKUT,  DIFFEQ,  ADJSTP,  STEP,  and  1  1TP0L  subroutines. 
These  solutions  are  then  written  on  tape  4  as  the  DM  array  for 
each  segment.  SEGM  also  Insures  that  In  the  first  segment 
the  Integrations  are  performed  In  the  order  specified  by  the 
boundary  conditions  at  the  starting  end.  Similarly,  the  solu¬ 
tions  In  the  last  shell  segment  are  written  on  the  tape  In  an 
order  determined  by  the  boundary  conditions  at  the  final  end. 

SYLSEG  Is  used  to  reduce  computation  time  for  cylindrical 
shells.  The  special  geometry  for  this  case  Is  applied  to  con- 
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trol  of  SEGM  by  eliminating  integration  of  the  Initial  value 
problems  for  Intermediate  segments. 

DIFFEQ  for  the  NEP  program  Is  unique  since  the  derivatives 
of  the  fundamental  variables  are  computed  In  two  parts.  The 
first  portion  Is  Identical  to  the  AEP  computation  while  the 
second  adds  terms  which  are  dependent  on  combinations  of  the 
selected  wave  numbers. 

The  TRIA  subroutine  has  two  distinct  functions.  A  Gaussian 
elimination  Is  applied  to  the  linear  homogeneous  matrix  equa¬ 
tions  which  define  the  eigenvalue  problem.  This  procedure  Is 
performed  on  the  DM  arrays  for  each  segment  stored  on  tape  2, 
and  yields  a  value  for  the  determinant  of  the  C  matrix  portion 
of  the  last  shell  segment,  CM.  The  computation  of  this  deter¬ 
minant  is  then  checked  using  an  expansion  by  cofactors  of  the 
original  matrix. 

The  second  portion  of  the  subroutine  checks  the  overall 
accuracy  of  the  computation.  At  the  end  of  each  segment  the 
values  of  the  fundamental  variables  are  obtained  by  two  meth¬ 
ods:  (a)  Solution  of  the  set  of  homogeneous,  linear  equations 

determined  by  the  DM  arrays,  and  (b)  Numerical  integration 
over  each  segment. 

TRIA  also  calls  a  MODES  subroutine  at  the  end  of  each  seg¬ 
ment.  MODES  adds  the  integrated  values  for  the  Fourier  compo¬ 
nents  of  the  normal  displacement  to  produce  the  shape  of  the 
shell  cross  section  at  each  segment  interval. 
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It  should  be  emphasized  that  the  NEP  does  not  have  an 
automatic  root  search.  The  determination  of  the  eigenvalue  Is 
a  trial  and  error  procedure  based  on  the  judgement  of  the  user. 

This  restriction  Is,  In  part,  a  consequence  of  the  form 
of  the  governing  equations  for  the  nonaxl symmetrl c  problem. 

The  equations  for  this  case  are  not  separable  In  terms  of  in¬ 
dividual  Fourier  components.  Thus  a  solution  composed  of  a 
finite  sum  of  such  components  Is  necessarily  approximate  in 
nature.  Hence,  the  best  approximation  Is  the  minimum  eigen¬ 
value  obtained  from  several  sets  of  trial  solutions. 

At  present,  the  procedure  for  selecting  a  range  of  eigen¬ 
values  and  Fourier  components  must  be  based  on  the  experience 
of  the  user  In  analytic  and  experimental  results  for  problems 
having  some  similarity  to  the  one  considered.  For  example, 
in  the  case  of  a  buckling  program,  the  initial  range  of  eigen¬ 
values  to  be  searched  should  begin  with  those  near  the  eigen¬ 
value  for  the  corresponding  axi symmetri c  problem. 

Another  guide  for  selection  of  trial  values  can  be  found 

* 

in  the  procedure  used  for  analysis  of  free  vibration  of  shells 
which  applied  the  same  inverse  interpolation  procedure  used  in 
the  NEP.  Trail  eigenvalues  are  interpreted  in  terms  of  the 
value  o'  the  determinant  of  the  CM  matrix.  While  a  zero  value 

A.  Kalnins,  "Free  Vibration  of  Rotationally  Symmetric  Shells", 
Journal  of  the  Acoustical  Society  of  America,  Volume  36,  Num- 
ber  7 ,  1964,  p .  1 362 . 


392 


of  this  determinant  Is  sought  to  determine  the  eigenvalue,  a 
plot  of  as  a  function  of  trial  eigenvalues  Indicates  the 
range  of  eigenvalues  which  should  be  searched  on  the  succeedl 
trial . 
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such  analyses.  By  means  of  these  methods,  the  following  problems  for  a  thin, 
elastic  shell  of  revolution  can  be  solved:  (1)  stresses  and  deflections  can 
be  determined  when  the  shell  is  subjected  to  arbitrary  mechanical  and/or 
thermal  loads;  (2)  natural  frequencies  and  mode  shapes  can  be  found  for  free 
vibration  when  the  shell  is  subjected  to  or  is  free  of  prestress;  (3)  buckling 
loads,  according  to  the  classical  stability  theory,  can  be  found  when  the  shell 
is  subjected  to  axisymmetric  or  sinusoidal  nonaymmetric  prestress.  The  results 
of  the  static  and  free-vibration  analyses  have  been  verified  and  compared  to 
experiments  on  many  occasions  and  should  be  regarded  as  acceptable.  The 
buckling  load,  however,  may  or  may  not  correspond  to  the  actual  collapse  load 
of  the  shell. 
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